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Abstract

We tackle the challenge of detecting multiple change points in large time series by op-
timising a penalised likelihood derived from exponential family models. While dynamic
programming algorithms can solve this task exactly with at most quadratic time com-
plexity, recent years have seen the development of pruning strategies to improve their
time efficiency. However, the two existing approaches have notable limitations: PELT
struggles with pruning efficiency in sparse-change scenarios, while FPOP’s structure is
ill-suited for multi-parametric settings. To address these issues, we introduce the DUal
Simple Test (DUST) framework, which prunes candidates by evaluating a dual function
against a threshold. This approach is highly flexible and broadly applicable to para-
metric models of any dimension. Under mild assumptions, we establish strong duality
for the underlying non-convex pruning problem. We demonstrate DUST’s effective-
ness across various change point regimes and models. In particular, for one-parametric
models, DUST matches the simplicity of PELT with the efficiency of FPOP. Its use is
especially advantageous for non-Gaussian models. Its use is especially advantageous for
non-Gaussian models. Finally, we apply DUST to mouse monitoring time series under
a change-in-variance model, illustrating its ability to recover the optimal change point
structure efficiently.
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1 Introduction

Single and multiple change-point detection are well-established unsupervised machine
learning tasks within the field of time-series analysis, with foundational work dating
back to the 1950s [25], 24]. Over the past decades, the topic has been the subject of
extensive research, resulting in numerous monographs [36, [5, 1T, 8] and comprehen-
sive review articles [I7, 1l [38]. Till recently, the longstanding focus of the scientific
community has been the statistical modelling and calibration challenge associated with
change-point detection. With the rise of big data, the demand for computationally
efficient algorithms has become increasingly pressing. Time efficiency is particularly
crucial in many application domains, including genomics [19, 22], econometrics [3] 13],
climatology [28], [37], speech processing [14] [7], and network analysis [44, 4], to name
just a few.

This work addresses the computational challenge of recovering multiple change
points in a time series of fixed length. We consider change-point problems based on op-
timizing a penalised likelihood whose penalty is proportional to the number of changes.
Although algorithms with quadratic time complexity have been available for some time
[2, [16], the central objective is to approach quasi-linear execution time as closely as
possible, while preserving the exact resolution of the underlying optimisation problem.

Detecting multiple change points requires carefully designed algorithmic strategies
often balancing exactness with computational efficiency. The most used approximate
algorithm in this category is the quasi-linear binary segmentation (BS) algorithm [34),
35, [40], which is often competitive with exact sub-quadratic complexity algorithms
using dynamic programming (DP). We illustrate this with a simple example. With a
time budget of 10 seconds, we estimate the maximum data length that an algorithm can
segment when the signal consists of 10 segments of equal length. The observations follow
yr ~ N (e, 1), with piecewise constant means pu; € {0,1}. Binary Segmentation (BS),
stopping at 10 segments, can process up to approximately n = 75 x 10 data points. In
contrast, the classical exact Optimal Partitioning (OP) algorithm [16] with BIC penalty
[42], which has quadratic time complexity, is limited to around n = 120 x 103. However,
improved exact algorithms such as FPOP can handle up to n = 30 x 10° data points
within the same time budget, and the DUST algorithm achieves around n = 42 x 10°
data pointdl]

DP methods have experienced a period of renaissance with the development of
accelerating pruning strategies, making their execution time competitive with BS on
simulations (as just illustrated) and on real data sets (see Figure 6 in [23]). Among
them, inequality-based pruning (PELT) [20] and functional-based pruning (FPOP) [23]
are the two extreme pruning strategies available on the “pruning scale”. In the latest
developments, DP with functional pruning has made possible the inference of complex
structured models that constrain the successive segment parameter values (throughout
a graph of constraints) [15, B33]. One-parametric model with exponential decays [1§]
or data modelled with auto-correlation and random drift [31] can also be considered,
among others.

ISimulations were conducted on a MacBook Pro equipped with an Apple M1 chip (8-core CPU: 4 perfor-
mance cores and four efficiency cores), 16GB of unified memory, running macOS Sequoia 15.5. The code was
implemented in R and executed using our dust Repp package (for DUST and OP) and the fpop packages
provided in [23] (for FPOP and BS).



PELT pruning is efficient for time series with many changes and is simple to code,
but does not prune well when there are only a few changes. FPOP pruning is well-
suited for problems with a one-parametric functional description. However, extensions
to multivariate problems are uneasy as the parameter space description made of inter-
vals in a one-parametric cost function is no longer possible. In this case, the partition
of the parameter space is made of potential non-convex and unconnected elements [32].
Approximations of the parameter space with sphere-like or rectangle-like sets have been
tested and significantly improve the time complexity, but only for small dimensions in
the independent Gaussian multivariate setting [26].

This work proposes a new pruning method called DUST that goes beyond these
limitations. To do so, we recast the pruning task as a constrained optimisation prob-
lem. Within this framework, we explicitly derive the dual formulation for multivariate
data drawn from the exponential family. We analyse its properties and, in particu-
lar, establish a strong duality result that underpins the effectiveness of our pruning
rule. The proposed DUST rule consists of evaluating a dual function and comparing
it to a threshold — yielding a test as simple as that used in PELT. For one-parameter
cost functions (corresponding essentially to univariate data), we further derive a simple
inequality-based rule by maximising the dual function explicitly. The PELT criterion
corresponds to evaluating the dual at zero and is provably upper-bounded by the DUST
value. Normalising the dual into a decision function simplifies its interpretation and
opens the door to more sophisticated DUST rules applicable to multivariate time series.
A comprehensive simulation study confirms the efficiency and versatility of DUST, in
particular its time robustness to all change-point regimes and to misspecification. We
apply DUST on mouse monitoring data with a force platform to quantify muscle fatigue.

This paper has the following structure. In Section [2] we present the functional
problem for pruning in the context of multiple change-point detection. In Section
we describe DUST in the one-constraint case and illustrate DUST on a first simple
example. Astonishingly, the one-parametric case leads to a simple closed formula for
the positivity test associated with the dual. The general presentation of the duality
method is given in Section [4] The simulation study of Section [f] explores the efficiency
of DUST. We eventually describe an example on a real-world data set in Section [6] If
not in the main body of the article, proofs are given in the appendix.

2 Change-point problem and its functional de-
scription

2.1 Model and optimisation problem

We consider a time series consisting of n data points, denoted by y1,yo, . .., yn, Where
each point is drawn independently from a distribution belonging to the exponential
family. A segment, denoted by y.p, refers to a contiguous sub-sequence of the data,
Ya+1s-- -, Yp, where 0 < a < b < n. In its canonical form with a minimal representation,



the likelihood of a segment y,; can be expressed as:

b

Fwai0) = |] [h(yi) exp (Zdzej - Tj(yi) — A(9)>] :

i=a+1 j=1
b b
=TI [t exo (8- 3 Tt~ 0~ )a®))

i=a+1 i=a+1
where @ = (61,...,04)" is the natural parameter, belonging to a convex domain © C R
The function A is the log-partition function, which is strictly convex due to the minimal
representation. The functions 77, ..., Ty are the sufficient statistics, aggregated in the
vector T = (T1,...,Ty)T, and h is the base measure (a normalising term). The dot

sign denotes the scalar product.

To define a parametric cost function, we take the negative log-likelihood of a seg-
ment and omit the data-dependent term [] h(y;), which is constant with respect to the
segmentation structure (as seen in Equation (4])). For a segment y,,, we define the
sufficient statistic sum S, = Z?:a 1 T(yi) € R?, and get the cost function:

(Yap;0) = (b —a)A(0) —0 - Sap . (1)

An important property of this cost function is its additivity over disjoint segments.
Specifically, for any a < b < t, we have:

c(Yat;0) — c(ypt:0) = c(yap; 0) - (2)

We present a few well-known examples of exponential family models and their cor-
responding segment cost functions.

Example 1. Let Sy = Z?:a_ﬂ y; denote the sum of univariate data points over the seg-
ment yqap. With a Poisson model, its one-parametric cost function is given by c¢(yqup; 0) =
(b —a)exp(0) — Sapf; for exponential model, c(Yap;0) = (b — a)(—log(—0)) — Su8; for
a binomial distribution, c(yap;0) = (b — a)log(1l + exp(f)) — Supb; while for a Gaussian
distribution with unitary variance, ¢(yqp;0) = (b — a)% — Sapb.

Example 2. For the Gaussian distribution with unknown mean and variance, the
canonical form leads to a bi-parametric cost function:

2 b b
i 01:02) = (0= ) (= 72+ 308 (= ) 00 D )~ 0 X 9D). 3)

i=a+1 i=a+1
which is quadratic in parameter 01 only and (01,02) € R x R™.

In this work, we address the problem of multiple change-point detection via pe-
nalised maximum likelihood, where a penalty proportional to the number of segments
is introduced to control model complexity. Specifically, each segment is assigned a pos-
itive penalty value 3, referred to as the unitary penalty. A larger 8 encourages sparser
segmentations, i.e., fewer change points. The optimal penalised cost over the entire
time series is defined as:

K
Qn = mip (Z [%c@wﬂ‘””ﬁ’ W

k=0



where 7 = (19 = 0,71,..., Tk, Tk+1 = n) is a change-point vector, and 7 denotes the
set of all admissible segmentations 7 = {7 € NK”, KeNl=mp<n<...<1g <
Tk+1 = n}. Here, K — the number of change points — is not fixed in advance but is
instead inferred in the optimisation, depending on the choice of penalty value 8. The
quantity @, is often called the global cost.

This framework, based on the exponential family with independent segments and a
linear penalty, is widely used in the literature (e.g., [16}, 20]). Non-linear penalty terms
have also been investigated in various settings (see [43], O, 39]). Although our current
work focuses on a specific case, we believe that the proposed pruning strategy, which
leverages dual functions, is highly versatile and has the potential to be extended to
a broader class of models. These include, for example, online change-point detection
[27], models with dependencies across segments [12] 31, 33], and non-linear penalisation
schemes [29]. We leave the development of these extensions for future work.

2.2 Functional cost for pruning

The exact solution to the optimisation problem can be obtained using the op-
timal partitioning algorithm [16]. In our case of the exponential family, the term
mingcg ¢(yst;0) can be computed in constant time. As a result, the global cost @
can be evaluated in quadratic time using the following recursion over the last segment
position using the initial value Qo = 0:

Q¢ = min {Qs + min c(yst; 0) + 5} : (5)
< 0co

This dynamic programming approach has been significantly accelerated through
pruning strategies, most notably PELT [20] and, more recently, FPOP [23]. Pruning
aims to reduce the number of candidate indices s considered in the minimisation of ,
by applying conditions that ensure no optimal solution is discarded — thus preserving
exactness. In the FPOP framework, the optimisation over the natural parameter 6 in
recursion is postponed. That is, we search for the best last change-point location
in truncated data yo; for ¢ from 1 to n for each value of the parameter 0:

Q:(6) = min Qs+ c(ys30) +6) (6)

0<s<t

Here, the global cost ()¢ has been transformed into a functional cost by treating the
parameter @ as a free variable. We recover its value by Q; = mingcg Q:(6). Defining
inner cost function ¢; as:

q;(0) = Qs + c(yst;0) + 8, (7)
we can write QQ¢(f) = minger;{¢/(0)} with 7; C {0,...,t — 1} being the set of non-
pruned indices. An effective pruning rule is both fast to test and capable of eliminating
a substantial number of indices from {0,...,¢ — 1}. For example, the simple pruning
criterion used in PELT yields a set T; of bounded size, even for large time series, under
the assumption that the number of change points grows proportionally with the data
length (see Theorem 3.2 in [20]). A more efficient pruning strategy, FPOP, relies on
the following principle.

Definition 1. (Functional pruning principle) Considering an index s in {0,...,t— 1},
if for all @ in © there exists r (depending on @) such that g} (0) < ¢; (@) then s can be
removed from Ty for all t' > t.



In other words, it means that inner functions which are unseen in the minimisation
at some time step ¢ for all values in the parametric space © will never be seen again later
and can therefore be safely discarded. This insight follows directly from the additive
property (2)), which implies the equivalence g} () < ¢{(8) <= q}.(8) < ¢;(0) for t’ > ¢.
Functional pruning is the most efficient pruning strategy.

Proposition 1. (FPOP mazximal pruning) The FPOP-like pruning presented in Defi-
nition (1| is the maximal possible pruning for the optimisation problem of type with
additive cost property . Say differently, at each time step t, the index set Ty obtained
by FPOP is minimal: a smaller T; would potentially lead to an under-optimal solution.

The proof relies on the following argument. If we remove an index sg in 7; such
that Q.(0) = ¢;°(0) in a neighbourhood of 8y, we can prove that, by adding data points
"centred on 0" at further iterations (with unitary cost A(@) — 8 - VA(fy)), the last
segment in @ would start at index sg + 1 at some later time t3. However, since sy was
pruned, the solution of the DP algorithm is no longer exact.

It is important to note that, although pruning rules can drastically reduce execution
time in practice, there exist examples of data for which no pruning rule could discard any
index, leading back to the worst-case quadratic complexity of the optimal partitioning
algorithm. We construct such examples using increasing time series where all inner cost
functions attain the same minimal value at time n. We first illustrate this phenomenon
in the simple univariate Gaussian case (Proof in Appendix , and then extend the
result to a broader class of continuous distributions within the natural exponential

family in Appendix

Proposition 2. We consider the Gaussian univariate model with fived variance. Its
inner cost functions are given by relations ¢;(0) = Qs + 75_7592 — S0 + B with Sy =
Z§=s+1 yi and y; € R. If we observe the following data points:

yt—\/E(x/n—l—\/t(n—t)—i-\/(t—l)(n—t—i-l)), t=1,....n  (8)

then no pruning happens, that is T, = {0,...,n — 1}.

2.3 Functional pruning rule as an optimisation problem

In the evolution of the dynamic programming algorithm, if an inner function ¢/ is
still accessible, it can be discarded only by the last introduced function at time ¢ + 1,
that is Q¢ + c(ys(141);0) + 8 (due to the additive property (). This naturally leads
to the following pruning strategy: compare each inner function at time t with the
constant threshold Q; + 3. We denote by ©F C O the set of parameter values for which
the function ¢; attains the minimum among all candidate functions at time ¢, defined
explicitly as:

i ={0€0O[vreTi\{s} ¢(0) <q(0)} (9)

The criterion "@F = () 7" forms the basis of the functional pruning rule introduced in
FPOP [23] for univariate data, and has since been adopted in several one-dimensional
extensions [I8, [3T]. For multivariate problems, a recent method proposes to approxi-
mate the set OF using simple geometric shapes [26]. However, this approach becomes



challenging to implement efficiently for non-Gaussian cost functions, resulting in rela-
tively slow updates (see also [32]). Instead, with DUST, we propose to evaluate the
minimal value of ¢f over its visibility region 07, and compare it directly to the threshold
Q: + B. While this may appear to introduce additional computation, it avoids the need
to characterise the potentially complex shape of ©F explicitly. Thus, the task reduces
to finding a single value — or a lower bound on it — which is often more tractable in
practice.

Proposition 3 (Functional pruning with minimum value rule). We define R} :=
mingees ¢; (0) with ©F given in (©). By convention, if ©f = 0, then Rj = +oco. The
functional pruning condition is as follows. If there exists s in T¢ satisfying:

RS> Q+ 5, (10)

then s can never be the last change point of a segmentation of you for all t' > t: that is

s & Tu.

Proof. Let 8 ¢ ©F. By definition of ©F there exists r such that ¢f(8) > ¢; (@) and
therefore ¢;(0) > ¢;,(8). Let 8 € ©F. If the functional pruning condition holds,
we have ¢ (0) = ¢;(0) + c(yw,0) > Qi + B+ c(yw,0) = ¢/(0) which means that
index s is never seen in the minimisation problem (it is hidden by index ¢) and can be

discarded. O

The central challenge in pruning for multiple change-point detection is a problem
of constrained optimisation. Its dual formulation forms the core of the DUST pruning
method.

Definition 2 (Pruning problem). The pruning problem for multiple change-point de-
tection at time t for testing change point s is the following problem of optimisation
under constraints:

{Igggqf(w,
s.t.q;(0)—q;(0) <0 forall reT\{s}C{0,...,t—1}.

(11)

A result greater than threshold Q + B implies that the function ¢; (@) can be removed
and the index s pruned.

We aim to compute either the exact solution or a lower bound, but with a very
efficient algorithm. We begin by considering a simplified version of the pruning problem
with a single constraint to derive a lower bound. This setting offers a clear framework
to introduce and illustrate our dual approach. Furthermore, a very efficient pruning
test can be designed for one-parametric cost functions.

2.4 Notations for dual and decision functions

For clarity, we compile below all the notations related to dual and decision functions
used in the sequel. The function D* is given by D*(z) = - (VA) "1 (z) — A((VA)"1(x))
and is strictly convex. We introduce the following mean values

S
i r<s,
S, =¢° T and index indicator s =
Ssr .
if s<r,

1 if r<s,
-1 if s<r.




We also use a mean value between global costs, @, = @, as well as a difference
operator between mean values, which incorporates the order between the first two
indices:

AS, s = wTS(SSt - STS) ’ AQrst = ¢7"S(Qst - Qrs) .
The absence of bold notation (e.g., Sps, Srsy ASyst, . . .) indicates that the data is uni-
variate. In this case, some standard notation will also be used for means and variance

when r < s:

_ 1 S — 1 &,
STS:yTs: Z Yis Sgs:ygszs_r Z Yi s
i=r+1 i=r+1

and V (y,s) = y2, — (7,)>. Eventually, we define the following linear function:
UR(X) = §st + Z xrAgrst ) ¢R(X) = @st =+ Z xT'A@TSt :
r€R reR

The vector x = (7 )r¢r is identified with (z,),—; . |r| depending on the context (same
with vector p1). For a vector v € R%, its Euclidean norm is denoted by ||v|.

3 DUST method with one constraint

We present the dual formulation for the single-constraint case without delving into the
theoretical analysis of the dual, which is deferred to Section [4] in a generic framework.
We provide a detailed description of the DUST change-point algorithm. As a con-
crete illustration, we explore the change-in-mean-and-variance problem in depth. This
simplified presentation is intended to make our methodology more accessible and to
promote its application in other settings.

3.1 A one-dimensional dual function
Optimisation problem with one constraint is as follows:
—
{ggg q;(0),
st q;(8) — q/(6) < 0.

where we consider that r < s. With r > s, the obtained (convex) problem leads to
a very inefficient pruning. The optimal value of is defined as R;°. We can easily
write down the Lagrangian function as:

L0, p) = q;(0) + p(g; (0) — ¢/ (6)) ,

(12)

_ . Sst B Msrs o
—(=s) = nts =) (46) -0 (t_s)_u(s_r)) +1(Qs — Q) + Qs + B,
or with a change of variable ;1 — =% and the parametric mean m(u) = gﬁ%’f“:
£ = (¢~ 5) (1 1)(A0) ~0-m(w) + p L= P) 1@, 4 5.

The dual function presented in the following proposition serves as a lower bound for
the target quantity Rf (see Proposition .

8



Proposition 4. The dual function D : [0, timasz) — R to Problem with inner cost
functions @ and cost for pruning index s using index r with r < s is given by:

D) = (t = 5)( = (1= )P (m()) + 4y ) + Qs + 5, (13)
where m(p) = % The domain of the dual is a segment bounded by a value fmay
which is the largest value for which D*(m(w)) is finite or can be computed (e.g. when
we have log terms). The value pmay 1 always smaller than or equal to 1.

At time ¢, we prune index s using a candidate index r < s if D(ug) > Q¢ + S, for
some pig € [0, tmax). The solution R}® to Problem (12]) is smaller than the solution R}
to Problem , and is lower bounded by the dual function: for all p € [0, tmax), We
have: D(u) < R}® < R§. Therefore, using any value pg € [0, ftmax), pruning based on
the condition D(ug) > Q¢ + B is safe: it guarantees that R; > @Q; + 5, so no index is
removed by mistake. Ideally, we would evaluate the dual function at its maximum or
some value close to it.

3.2 DUST decision rule

Pruning relies on the existence of a value po such that D(uo) — (Q¢ + ) > 0. Since
dividing the left-hand side by any positive function does not change the decision, we
normalise the dual function D from Proposition [4fto allow its direct maximisation (with
a closed formula) in some particular cases. The new function D, called the decision
function, has this simple property: pruning of index s occurs as soon as D returns a
positive value for some point in its domain.

Proposition 5. The decision function D : [0, Zypmar) — R to Problem with inner
cost functions and cost for pruning index s using index v with r < s is given by:

D(x) = ~D" (S, + 248 ) = (Que + 240, ) (14)
The value Tumqy 15 derived from [maz -

Proof. We shift the dual D of Equation by the quantity @ + S to transform the
dual pruning threshold test into a sign test. We then divide the obtained function by
(t — s)(1 — u), which is always a positive value. We eventually introduce the variable

T = ﬁ This is summarised by the transformation:

D) = (-0 - =) (P(+5) ~ @+ ).

1+x 1+
O
A typical setting in change-point detection is that of univariate data drawn from the

exponential family [8] 33} [30]. For this setting, we can explicitly compute the maximum
of the decision function.

Theorem 6. The decision functionD : [0, Zymar) — R to Problem given in Proposi-
tion[J admits a closed-form mazimum for the single-constraint case and one-parametric



cost functions. If the argument of the maximum x* of this function is not located on
the frontier of the domain, then we prune index s using index r with r < s when:

Qf< o Agrst

ASr’st

Note that certain special cases must be handled before testing inequality , such

as Tmax = 0, S = Sy (i.e., the decision function is linear) and z* ¢ (0, Tyax). This

theorem replaces the PELT pruning rule, which was given by ¢f ((VA)~!(Ss)) > Qi +5.

We will highlight the effectiveness of the DUST rule in simulation Section [5]

)>Qt+6. (15)

3.3 DUST algorithm

We have designed our new pruning method as straightforward and practical as the PELT
rule. The DUST multiple change-point detection algorithm is described in Algorithm I}
Here, the value c¢(ys) is defined as the minimum of the segment cost function 8
c(yst;0). For the smallest index in T;, we use the standard PELT pruning rule by
default. The index r is selected from a given probability distribution p, over the indices
in 7; that are smaller than s, while the value o is sampled from a distribution p,
supported on the segment [0, fimax < 1). For one-parametric cost functions, we can
consider a Dirac data-dependent p,, which matches relation in addition to its limit
cases.

Simulations (Section [5) explore several choices for the distributions p, and p,. In
the single-constraint setting, an effective strategy is to select r as the closest index
below s, and to choose g as the argument that maximises the dual function, using a
simple iterative maximisation procedure or relation for one-parametric cost func-
tions. For simplicity, the algorithm is presented with the dual D with bounded domain,
but a similar algorithm can be written with decision function ID. From the output of
Algorithm |1} we can easily recover the optimal segmentation for the initial problem
via a standard backtracking step described in Algorithm [2]

Remark 1. DUST extends PELT by evaluating the dual function beyond zero. While
PELT applies the test D(0) > Q¢ + 8, derived from the unconstrained form of Prob-
lem , DUST samples g in [0, tmaz), potentially yielding stronger pruning. This
makes DUST especially effective in time series with few change points, where PELT
tends to prune poorly. Despite its improved pruning, DUST maintains a complexity
close to PELT, with minimal overhead from computing pimas and selecting v and pg.

3.4 Example of the change-in-mean-and-variance problem

Detecting changes in both the mean and variance of a large Gaussian time series is
challenging. To the best of our knowledge, no efficient implementation currently exists
in this setting due to two main difficulties. First, the problem involves two parameters,
which limit the applicability of methods like FPOP [23]. Second, a logarithmic term
in the cost function complicates root-finding, making methods such as geomFPOP [26]
difficult to apply. We address this challenge using the DUST method. We write down

the likelihood of segment y,; with mean m and variance o2,

10



Algorithm 1 DUST algorithm

Input: Time series yy,, penalty value 8 > 0, rules p,, p,
Output: Sequences of global costs )y, and last changes S,
L Qo<+ 0, T+ {0}

2: fort=1,...,ndo > OP step
3 Qp + mingey; {Qs + c(ys) + B}

4§+ argmin, g, {Qs + c(ya) + B}

5: for s € T; do > DUST pruning step
6: Draw r in 7; such that r < s from distribution p,

7 Compute fiyq: = ulst (data dependent)

8: Draw 9 in [0, ftmqe) from distribution p,,

9: if D(uo) > Q1 + [ then > DUST test
10: T < T\{s}

11: end if

12: end for

13: 7;+1 — 7; U {t}

14: end for

Algorithm 2 Backtracking the change-point locations

Input: s5q, R

Output: Set of optimal change point indices T = {7y, 7o,...}
LrenT«0
2: while 7 > 0 do

3:

T (r,T), t < 3,

4: end while

and its associated cost:

m—7g)2+ V(ys 1
ey fm0%) = (¢ — (T | Ziog(g).
o 2
With the change of variable (61, 62) = (Z; —555) € RxR™, we obtain the canonical

o

)
form of Example 2l with A(61,02) = — g4 + %log(—ﬁ). We can now derive the exact
maximum value of the associated decision function.

Lemma 1. The one-dimensional decision function for the change-in-mean-and-variance
problem with a single constraint from the cost function (3) is given by the function:

1 — _ _ _ _
D(w) = 5 |1+ log (% +2ASZ, — (Su + xAsmy)] — (Qu+20Q,) .

with x € (xo — \/T1,T0 + /1) and

— 1<V(yst) — V(yrs) .
2 (Agrst)Q

and its mazimum, with notation o = AQ,, is evaluated in:

¥ = max {0, o + (23:2)_1 — sign(we)\/ 21 + (2:(}2)_2}

11
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Figure 1: For data with no change, the number of indices saved by DUST over time is
consistently much less than PELT (no pruning), for the one-constraint DUST (left) and the
two-constraint case (right)

In Figure [T} we evaluate the efficiency of DUST for this example. For each index s
considered for pruning, we choose the biggest non-pruned index smaller than s and
evaluate the dual at its maximum position z*. With n = 10%, 8 = 4log(n) and data
with no change (N(0,1)), only 2.95% of the indices remain non-pruned and the overall
number of indices to be considered is reduced by a factor 28 compared to PELT (left
panel).

A higher lower bound for R} is obtained when we consider up to two well-chosen
constraints: ¢ — ¢;' < 0 and ¢f — ¢;> < 0. This leads to a bi-parametric decision
function:

1 — _ _ _
ID)(a;l, IEQ) = 5 1 + log (Sgt + xlASglst + $2A5325t) — (Sst + 1‘15”51& + $25r25t)2)]

_ (@st +21AQ, 4 + $2A@r25t) :

Such a general dual and its properties are studied in the next Section. In this mean-
and-variance problem, explicit maximal values are available for the three values to be
tested: maxg, D(z1,0), max,, D(0,x2) and maxy, », D(x;, z2) with positive z1,22. In
Figure [1] (right panel) we run the same simulation as in the left panel but with a
bi-parametric dual, built from the two highest indices smaller than s (11 < r2 < s).
Only 1.42% of the indices remain non-pruned and the overall number of indices to be
considered is reduced by a factor 54 compared to PELT. In this example, 0 indice is
pruned by PELT, 36% of indices are pruned by the ro-dual, 23% of indices are pruned
by the r1-dual and 40% by the maximum of the (ri,72)-dual (function D(x1,z2) with
x1 > 0 and z9 > 0). We recall that this DUST pruning procedure does not involve
any iterative routine, but relies solely on three inequality tests (as PELT) evaluated
at three points of the decision function, each computed from a closed-form expression.
With 10% data point, the percent of indices drop to 0.5%.
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4 Duality function in change-point problems

4.1 The shape of the dual

We consider the pruning problem (11)): mingeg ¢f (6) under constraints g; () — g} (6) < 0
for all indices r # sin {0,...,t—1}. As for the single-constraint case, the dual function
can be explicitly written in closed form.

Proposition 7. The dual function, Dg : (RT)!=1 — R for analysing change index s at
time t > s is given by expression:

Dyr(p) = —(t — ) | 1) w)+ Y (—nl=ely +Qs+ 8,
r#s
with p = (pr)o<r<trts, [r < 8] =1 ifr <s and 0 otherwise. We also have:
Set + > MT¢S(_1)[T<S]§7~3 d
m _ r Re, -1+ [r<s ) 16
(M) 1+ Zr MT;&S(_l)[r<s} %E:SM ( )

Notice that m(u) is a vector if the statistics Sy are vector-valued. The case S, =
S;s for all 7 # s can be left apart. It corresponds to m(u) = Sg and the dual Dy,
becomes a linear function.

Proof. We differentiate in 8 the Lagrangian function £(0,71) = ¢; (0) +>_, . B, (47 () —
q;(0)) with ¢/ (0) = Q, + (t —r)A() — 0 - S,y + [ and inject its solution 8*(m) =
(VA)" (m(@)) to get Dgi(fi) = L(O(f1), 7). The final result comes after the change of
variable Ti, = urﬁ. O

Remark 2. With constraints of type "r < s" only, the domain Q, of Dg is bounded
and included in the simplex of dimension d.

We also define the decision function Dy (as done in previous section) with the
change of variable z, = p1,/(1+ Y, p-(—1)I"<*l) and notation x = (z,)o<r<trps. It is
given by a simpler relation:

Dy (X) =-D* (gst + Z xrAgrst) - (Qst + Z J"TA@rsf) )
r#s r#s
= —D*(o(x)) — o(x), (17)
leading to the simple pruning rule Dy (xg) > 0. The values of the decision function
can be interpreted as evaluations of ¢; along a linear path from its minimum, where
o(x0) = 6y and the minimum of ¢} is attained at o(0) = Sg.

Appendix [G] presents the form of the function D* for many distributions. We give
here the explicit form of the decision function for two examples in dimension d with ¢
constraints (in index set R C {0,...,t —1}) with |[R| = ¢ < d.

(i) Multivariate Gaussian:

d 2
]D)?,{(X) = —% Z ((Sst)z + Z $T(Asrst)i) - (AQst + Z xrA@rst)
i=1 reR reR
1< )
= 3 Uz(x) - QS(X)
=1
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(ii) Multivariate Bernoulli:

d

Dy (x) = = Y |oa(x) log(04(x)) = (1 = 0i(x)) log(1 — 7i(x)) | — $(x).

i=1

In this case, its domain )y is at the intersection of 3d half-spaces in dimension ¢
given by relations o;(x) > 0, 1 — 0;(x) > 0 and the positive orthant x > 0. The shape
of the domain depends on the underlying distribution used.

Definition 3 (DUST pruning rule with multiple constraints). We consider the dual
function Dy : ), — R and the decision function Dy : Qx — R. At time t, we prune
index s using candidate indices from a set R C {0,...,t — 1} \ {s} to construct the
dual, if there exists po € §,, such that Dy (po) > Q¢ + B, or equivalently, if there exists
xg € Qx such that Dg(x9) > 0.

This definition leaves implicit three important choices that must be addressed: (i)
the selection of candidate indices in R, (ii) the method for identifying a suitable eval-
uation point (ug or Xg), and (iii) a precise characterisation of the domain of definition
(9, or Q). Since these domains always lie within the positive orthant, solving the
equation VD (x) = 0 is never a valid option. For now, we address the problem using a
quasi-Newton iterative algorithm or random sampling, based on a carefully chosen dis-
tribution over €2,,. This domain is defined through the mean parameter space M [41].
We can show that the correct number ¢ of constraints to consider is upper bounded by
the dimension d of the parameter space © C R

4.2 d-Strong duality

Geometrically, the solution to our optimisation problem lies at the intersection
of at most d + 1 inner functions in a parameter space of dimension d. This implies
that no more than d constraints can be active at the solution point. Identifying the
correct subset of ¢ < d active constraints is computationally intractable. Nevertheless,
focusing on at most d constraints among the available £ — 1 is particularly appealing: in
this case, the maximum of the dual function coincides with the solution of the original
optimisation problem.

Theorem 8. There is no duality gap:

RS = minCRd{q,f(O)}: max {'Dst(,u,)},

0cO;(R) neQ, CRa

where ©F (R) is the feasible set defined by the q constraints with ¢ < d such that ¢ (0) —
;' (0) <0 withr; e R,i=1,...,q=|R|, and Dy is built from these constraints.

We consider d arbitrary constraints. In case, ¢ < d, we can still add d— q constraints
of type ¢;(0) — ¢; (8) < 0 that we know would be unused (no equality at the optimum
point). With d constraints, we consider the geometric object O in the Euclidean space
R x R¢ whose elements (zo,x1,...,24) are given by a parametric representation:

O = {(20,.,74) 30 € R, (20, wa) = (470), (a7 = a})(O): - (a7 — ;)(0)) }
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The proof provided in Appendix is based on the geometric interpretation of
duality. Specifically, we show that the epigraph of the objective function O is convex.
This result relies primarily on the fact that the functions qg are similar. Notably, the
duality gap is zero — that is, strong duality holds — even in the presence of concave
constraints (i.e., when r < s).

We illustrate the failure of strong duality when ¢ > d by showing that it does
not hold with d + 1 constraints. This is demonstrated using a simple example of a
one-dimensional Gaussian cost with three data points, (y1,y2,y3) = (2, —1,0), penalty
B = 2, and initial cost Q9 = —fB. These data points yield the following functions:
q3(0) = 3602 —0, ¢3(6) = 6>+ 06 and ¢3(6) = 36? + 3. In this example, the dual function
(without normalising the Lagrangian parameters) for testing index 2 with indices 0 and
1 is given by: )

D(p, p2) = ;1(51%1”_2)#2 + ;(1 + w1+ p2),
which attains a maximum value of 2.5. The solution to the corresponding optimisation

10+V7
1

problem is , as illustrated in Figure

o — q3(6)
— a3(0)
— a3(0)
7 --- (10+47)/4
2.5
<«

I | I I I I
-3 -2 -1 0 1 2

10+\ﬁ)

Figure 2: Illustration of the dual maximum value (2.5) and the true threshold (=

solution of the optimisation problem .

4.3 Gaussian case

The maximum of the dual can be explicitly expressed in closed form in the single-
constraint case. When no changes are present in the time series and the penalty is
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well-chosen, we use the relation Q, = —%||Spu/|? to simplify the expression further.

Proposition 9. In d-variate Gaussian model the mazximum value of the dual with one

constraint (r < s <t), max,cp, {Dg‘“‘ss(,u)}, is given by expression:

t—s
2
t—s
2

||§st||2+Qs+5 if ||A§rst||ZRrs (case p=0),
t—s
2

HgstHz + Qs + ﬁ + (HAgrstH - Rrs)2 if HAgrstH < Rrs )

where: Rys = 1/|Srs||? +2Q,s. Index s is pruned at time t by index r when this
maximum is greater than Q + 8. If no change is in the data, we get the value:

2 2
1 — /— 1 F—
3 ( [ASst]|? = 4/ 8\|A50rsH2> - 2( t”ASOstH2> :

The proof is straightforward by derivation of the dual. The proof for the no-change
case uses variance expressions in Appendix [A]l For such case, we prune when

roo_ _ s
5180l = 188l > /1Sl

With d (independent) constraints, it is still possible to get the maximum value of the
dual with simple linear algebra, but only if the maximum is strictly inside the domain
of definition of the dual. If the obtained maximum is outside, solving inside the positive
orthant for p is a challenging problem.

4.4 Maximum of the non-constrained decision function

The decision function admits a closed-form expression for its critical point thanks to its
simple structure. However, this point may fall outside the positive orthant. Enforcing
this constraint analytically remains intractable at present, necessitating an iterative
optimisation algorithm.

Proposition 10. In d-variate model the mazximum value of the decision function maxxeres D(x)
with q constraints is the solution of the following system of equations with x € RY and
instrumental variable y € R%:

(Agost) X = VA(Y) - gst s
(Ag.St)T y = 7A@ost )

where (ASest) is the matrix of size d x |R| gathering all vectors AS,s in columns and
AQ,,; € RIRI. If ¢ = d and the matriz (ASes) is invertible, we get the solution:

x = (ASeg) ! <VA( - ((A§.st)T)*1A@,St> - sst> . (18)

The explicit solution is promising, but it fails to incorporate constraint inequal-
ities, particularly the simple positivity constraint on x. The following section will also
consider pruning capacity for multivariate time series. However, unlike the univariate
case, computational efficiency is not addressed here and is reserved for future work.
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5 Simulation study

This section presents DUST’s performance on simulated data and compares its efficiency
against state-of-the-art algorithms. (This first draft version does not include the study
of multivariate signals.)

5.1 Framework

5.1.1 Data

We simulate time series of length exp(n), where n is a sequence of regularly spaced
values between log 10? and log 10%. We have 8 available models from the exponential
family: Gauss (G), Poisson (P), Exponential (E), Geometric (G), Bernoulli (Be), Bi-
nomial (Bi), Negative Binomial (NB), and Variance (V). The simulated data consists
of alternating two segments of length k. We often set kK = n, ensuring that only the
first segment is observed. This no-change regime presents the most challenging scenario
for pruning and computational efficiency. The typical parameters used are outlined in
Table [11

Table 1: Parameter values for simulations

Model Penalty scale factor Parameter Values
gauss 1 w (o =1 fixed) {0,1}
poisson 2/3 A {3,4}
exponential 3/4 A {1,0.5}
geometric 2/3 p {0.5,0.7}
bernoulli 2/3 P {0.5,0.7}
binomial 1/6 P {0.5,0.7}
negative binomial 1/10 p {0.5,0.7}
variance 1 o (n =0 fixed) {1,2}

When considering d-variate time series, we generate d time series with identical
change-point locations using the previous model and concatenate the d copies. Further,
we study three different configurations. (i) (with £ = n) Pruning and time capacity of
DUST over time and against competitors. (ii) (with & = n) Pruning and time robustness
of DUST with respect to the penalty value at fixed data length (iii) Pruning and
time robustness in the presence of changes (against competitors). For the multivariate
setting, we also study these configurations with respect to the dimension.

We run each configuration 50 to 100 times at fixed data length depending on com-
putational cost.
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5.1.2 Baseline and parameters

We compare DUST to the PELTP] [20] and FPOP| [23] algorithms for univariate data.
In the multivariate setting, there is only one competitor and only for the Gaussian cost:
GeomFPOPE] [26]. Each algorithm is provided with the same simulated data to ensure
proper head-to-head comparisons.

The penalty factor for each model is calibrated to achieve similar segmentation
behaviour across the range of penalty for data with no change point. With the Gaussian
model as a baseline, we apply a scaling factor to the penalty for each model. This scaling
factor is determined by finding the smallest penalty value where change-point detection
correctly produces no change point on data of length 103. The ratio between this value
and the corresponding value in the Gaussian model gives us the scaling factor. For
example, suppose we execute DUST on Gaussian data of length n with penalty 2logn.
In that case, an equivalent Negative binomial simulation is done with penalty 2alogn

with a = 1/10 (see Table [I).

5.1.3 Metrics

We measure the execution time for parsing each simulated time series to compare the
computational cost of each algorithm in each configuration. We further record the num-
ber of candidate indices during the execution of each DUST. The remaining number of
indices at the end of the algorithm is a measure of the algorithm’s pruning capacity.

5.1.4 DUST variants

DUST algorithm comes with variants depending on the dual evaluation algorithm and
index selection method used.
The dual evaluation can be made:

at its maximum using the closed formula (for one-parametric cost functions only);
at a random point uniformly drawn in the dual domain;

at zero (equivalent to PELT test);

W b=

4. at its maximum using the Quasi-Newton algorithm.

Evaluation in the one-parameter-cost case is naturally performed using a closed-form
formula. Other methods are tested for multi-parameter cases to balance time complex-
ity with pruning efficiency. Index selection for building the dual comprises two parts:
indices below the index s, and indices above. Indices can be chosen randomly (uni-
formly) or deterministically (the largest available below s and the smallest available
after s). Here, we consider only the deterministic case.

Zhttps://cran.r-project.org/web/packages/changepoint/index.html
3https://cran.r-project.org/web/packages/fpopw/index.html
“https://github.com/computorg/published-202406-pishchagina-change-point
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5.2 Univariate signals

5.2.1 Pruning capacity

Figure [3] displays the number of non-pruned indices over time for one time series of
length 10* (left column) and length 10® (right column) and the median and confidence
intervals (over 100 repetitions). We present the results for two cost models: Gauss, top
row; Negbin, bottom row. DUST shows a persistent pruning efficiency that is robust
to the number of data points, with low variations being recorded. With n = 108, the
number of remaining indices is 50 with the exact evaluation method, and 500 with the
random method.

Pruning Capacity of DUST - gauss Size 10000 Pruning Capacity of DUST - gauss Size 16+08

e
Number of Branches

Time Time

Statistics — Mesan  Confidence Interval 95 Probabity Zone. Statistics — Megan  Confidence Interval 95t Probabity Zone

Pruning Capacity of DUST - negbin Size 10000 Pruning Capacity of DUST - negbin Size 16+08.

ymber of Branct
Number of Branches

Figure 3: Median number of remaining candidate indices at each time for 100 DUST simu-
lations for the Gaussian (top row) and negative binomial (bottom row) models, data lengths
10* (left column) and 10® (right column). The shaded region shows the interval between the
0.025 % and 0.975 % quantiles.

We plot the number of remaining candidate indices for different data lengths on
a log-log scale in Figure ] We run 100 simulations for each data length among 100
regularly spaced (in the logarithmic scale) lengths between 10? and 10°. The shaded
region shows the interval between the 0.025% and 0.975% quantiles. The solid line
shows the fitted linear regression with a 95% prediction confidence interval as dotted
lines on either side. The slope value of either model suggests that the mean number
of candidate indices remaining upon exit of the DUST algorithm is of order n%, a <
0.15, which indicates a time complexity of order O(n!*?®), with minor variations in the
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coefficient depending on the model being considered.

Regression Results for gauss Model Regression Results for poisson Model
Slope: 0.11 __ Slope: 0.13
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Figure 4: Log-log comparison of number of remaining indices over times as a function of data
size for the Gaussian (panel A) and Poisson (panel B) models. We run 100 simulations on
100 data lengths between 10% and 108, regularly spaced in the log-scale. The shaded region
shows the interval between the 0.025 % and 0.975 % quantiles. The solid line shows the fitted
linear regression with a 95% prediction confidence interval as dotted lines on either side. All
simulations are performed on data without a change point.

5.2.2 Time competition

Figure [9] displays a log-log comparison of execution times between DUST and FPOP
as a function of data size for the Gaussian (panel A) and Poisson (panel B) models.
100 simulations were performed on 100 data lengths between 10? and 10°, regularly
spaced in the log-scale. The shaded regions show the interval between each algorithm’s
0.025% and 0.975% quantiles. The solid lines show the fitted linear regression for
each algorithm for sizes 3125 through 10°, with 95% prediction confidence intervals
as dotted lines on either side. The threshold at 3125 was introduced as the relation
between execution time and data length stabilizes by that point. Analysis of the in-
teraction coefficient between data length and algorithm used shows that FPOP’s slope
is significantly greater than DUST’s under either model, which implies that DUST’s
execution time scales better on larger data. Under the Gaussian model, DUST runs
much slower on smaller data sizes, but DUST reliably beats FPOP beyond a break-
even point at around 5,000, and is on average 1.19 times faster on data of length 10°.
On non-Gaussian models such as the Poisson model, however, the DUST algorithm
outperforms FPOP even at the smallest sizes, achieving speeds 5.88 times up to 8.15
times greater than FPOP, at sizes 102 and 10° respectively. Comparison of execution
time is presented in Figure [] for relatively small data length.

5.2.3 Pruning exploration

Figure [7] displays the median number of candidate indices upon exit of the DUST al-
gorithm for 100 executions on fixed-length data with no change point for 100 different
penalty factors, under the Gaussian (panel A) and Poisson (panel B) models. Data
length is n = 107 and penalty factors are of the form 8 = alogn, with 100 different
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Figure 5: Log-log comparison of execution times between DUST and FPOP as a function
of data size for the Gaussian (panel A) and Poisson (panel B) models. 100 simulations were
performed on 10? data lengths between 100 and 108, regularly spaced in the log-scale. The
shaded regions show the interval between the 0.025 % and 0.975 % quantiles. The solid lines
show the fitted linear regression for each algorithm for sizes 3125 through 10, with 95%
prediction confidence intervals as dotted lines on either side. All simulations are performed

on data without a change point.

gauss 1000
Algorithm — DUST — FPOP — PELT

3
>

o

{

Log Execution Time
(9]

w

0 1 3 4

2
Log Density

negbin 1000
Algorithm — DUST — FPOP — PELT

Log Execution Time

2 3 4
Log Density

gauss 10000

Algorithm — DUST — FPOP — PELT
22

B
)
£ 20
=
c
2
5
218
9]
x
w
2 . | )
9 16%

0 1 3 4

2
Log Density

negbin 10000
Algorithm — DUST — FPOP — PELT

Log Execution Time

2 3 4
Log Density

Figure 6: Log-log comparison of execution times for varying numbers of change points in
input data of lengths 103 (panels A, C) and 10* (panels B, D) under the Gaussian (panels
A, B) and the Negative binomial (panels C, D) models.

a values regularly spaced between 0.001 and 20 in the logarithmic scale. The shaded
region shows the interval between the 0.025% and 0.975% quantiles. Lower penalty
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values produce a high number of change points. Values beyond 0.75 predominantly
produce the correct number of change points. As for the number of remaining candi-
dates, we observe a polynomial relation with the logarithmic values of a up to a = 1,
and a negative linear relation beyond that point, with a maximum median number of
candidates of 24 under the Gaussian model, and 28 under the Poisson model. This
suggests that pruning is strong regardless of the penalty chosen, which guarantees a
strongly reduced computational cost even on non-normalised data or with a poorly
tuned penalty factor.

Model: gauss; Size: 1e+07 Model: poisson; Size: 1e+07
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Figure 7: Median number of candidate indices upon exit of the DUST algorithm for 100
executions on fixed-length data with no change point for 100 different penalty factors, under
the Gaussian (panel A) and Poisson (panel B) models. Data length is n = 107 and Penalty
factors are of the form 5 = a;logn, with 100 different a values regularly spaced between
0.001 and 20 in the logarithmic scale. The shaded region shows the interval between the
0.025% and 0.975 % quantiles.

5.3 Multivariate signals

Coming soon!

5.4 The DUST package

DUST package is available on GitHulﬂ.

6 Application to mouse monitoring

This section explores the use of DUST on a real-world application taken from [21].

Context The neuromuscular junction (NMJ) is the synapse responsible for the chem-
ical transmission of electrical impulses from motor neurons to muscle cells. Studying
the NMJ is crucial because it explains how nerves communicate with muscles to move.

Shttps://github.com/vrunge/dust.git
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Since this synapse is a disease-prone synapse [10], studying the NMJ also helps under-
stand and treat disorders like myasthenia gravis and congenital myasthenic syndrome.

In |21], the authors find a correlation between a partial inhibition of the NMJ and
the level of muscle fatigue in mice. They measure muscle fatigue by quantifying the
number and duration of active periods over several days.

Data A typical approach to estimate resting and active states is to use a force plat-
form, a scale measuring the ground reaction force generated by the mouse in its cage.
To compare mice, [21] uses several features, including the total duration of activity, the
mean duration of activity, and the number of active periods. The procedure to detect
whether a mouse is active or inactive consists of several steps, including filtering and
simple signal transformations. Changes are detected on a simplified signal because the
signals have too many samples.

Here we consider two mice with two different genetic modifications (Mouse ColQ
and Mouse A7), monitored over 2 nights and 1 day. The cage is placed on four force
sensors, and we record the evolution over time of the sum of the ground reaction forces
at 10 Hz. If the sum of forces is constant (low variance), the mouse is not active (resting
state). If the sum varies, the mouse is active, regardless of the activity.

Proposed approach and results In this section, we have a more straightforward
approach: we use DUST on the raw data. Each segment is then classified as active or
inactive by thresholding the variance. Since DUST is fast, we can process 12 hours
(~ 400k samples) of time series in seconds without much preprocessing. The statisti-
cal model is piecewise Gaussian with a fixed mean equal to 0 and piecewise constant
variance.

From a qualitative standpoint, Figure [§] shows parts of the time series and the
segmentation into active/resting stages. Activity is defined by a high variance.

From Table 2| which summarizes with simple features the level of activity of each
mouse, we draw two conclusions. First, mice are more active during the night by a
margin. They have longer stretches of activity and spend more time in an active state.
We recover here a well-known fact in mouse behaviour analysis. Second, Mouse A7 is
more active than Mouse ColQ during the night, but equally active during the day. This
observation is in line with the results of |21, albeit with a smaller number of mice.
However, our approach is simpler than the one in [2I] because we can find variance
changes on long time series in seconds.

23



0 100 200 300 400 500

(a) First night

20 A
0 B
_20 4
0 1(')0 2('30 3(')0 4(')0 500
(b) First day
20 A1
0
_20 4
0 1(")0 260 3("JO 460 500

(c) Second night

Figure 8: For Mouse ColQ), the activity measured by a force platform. The x-axis is the time
(in minutes), and the y-axis is the ground reaction forces generated by a mouse in its cage (in
arbitrary units). Red areas indicate activity periods found by our change-point approach;
others are rest periods.
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Table 2: Summary of activity segments for each period.

# of active segments Avg. active duration (min) Total active time (h)

Mouse ColQ

First night 18 21.22 6.37

First day 21 11.03 3.86

Second night 16 24.84 6.62

Mouse A7

First night 20 25.82 8.61

First day 21 9.03 3.16

Second night 15 35.73 8.93

7 Conclusion

A large class of change-point problems can be solved exactly using dynamic program-
ming algorithms with functional pruning rules. Here, pruning refers to identifying the
functions ¢}(-) that are dominated by the minimum operator min;{q/(-)} in problems
with a functional structure that preserves pointwise ordering. Specifically, if there exist
indices i, j and a parameter @ such that ¢!(6) < ¢ (@), this inequality remains valid for
all u > t.

In the DUST framework, pruning is reformulated as a (generally non-convex) opti-
misation problem, along with its relaxations obtained by removing constraints, which
we analyse via their dual representations. Pruning occurs when the computed value
exceeds a specified threshold. We prove there is no duality gap when the number of
constraints does not exceed the dimension of the parameter space of the cost function
derived from the exponential family.

We focused on the one-parameter case, essentially corresponding to univariate data,

for which an inequality-based pruning test as simple as PELT can be designed. Un-
like PELT, however, this test remains highly efficient across all change-point regimes,
whether or not there are many or few changes. This new approach can be viewed as a
natural extension of PELT, where PELT corresponds to the dual evaluation at zero. In
this simple case, DUST evaluates a decision function with a closed formula, equivalent
to the maximum evaluation of the dual.
FPOP-like algorithms can efficiently tackle one-parametric problems. DUST has been
proven to be very efficient in our simulation study while saving more functions. This
is due to the iterative root searching algorithm used by FPOP for most of the non-
Gaussian cost in updating the functional cost (saving this piecewise function by a
succession of intervals).

DUST extensions to higher dimensions are straightforward and still efficient in small
dimensions with a unique constraint. An optimal approach considering multiple con-
straints still needs to be designed using new theoretical tools or leading an extensive
simulation study. Current results are promising; this is left for future work.
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Using a DUST pruning rule is a natural step that could be introduced in many
change-point detection algorithms to efficiently prune indices in all change-point regimes.
Even if the explicit maximum of the dual or decision function cannot be explicitly de-
rived, evaluating at one point only (e.g., randomly) is a simple rule, fast to test, with
high potential for pruning. The exact evaluation in the one-parameter case provides a
very efficient inequality-based test; this test should be further studied with the hope of
proving time complexity bounds for very generic underlying data processes.

A Useful relations between means

Proposition 11. For alli € {1,...,t — 1} we have

tV(yor) — (t =)V (yir) — iV (yoi)
(t—i)i

= = g - g)? (19)
= o 0’ (20)
=D G ) (21)
=i (G —Joi)* + (t =) Gor — Tar)” (22)

Proof. For any (a,b) € (N*)2 with a < b we easily get the following expressions:
_ b—a,
Yob — Yoa = b (Yab — Yoa) » (23)

L a._
Yoo~ Yab = 3, (Yoa — Yab) - (24)

With a = ¢ and b = t, we derive from the relation using and also derive
relation using . Expression is the result of % + % Therefore, we

only need to prove relation . Expanding the squares in variance expressions we get:
S =1tV(yor) — (t =)V (yir) — iV (yoi)
= —t(Go)* + (t — ) (T0)* + i(To;)?
= i((H0:)” — @or)?) + (t = )(@i)* — Gor)?)
= i(Yoi — Yor) Woi + Yor) + (& = ) Tse — Yor) Tie + Yor) -
Using again relations and , we have

(t—1)i/_ N _ N -
S = 7 (in = Yit) Woi + You) + Wie — Yoi) Wi + yOt)) )
and we get the expression by simplifying this last expression. O

B Proof of Proposition

If we would remove index sy from 7; while still having a point 6y € © such that:

{@%Fwﬂm<ﬁ%)br8#m

25
Qi+ 8> g (80). (25)

26



we show that removing sy could lead to an under-optimal solution for (@ and then for
at some data time tg > t. We will choose data points after time ¢ to create such
a solution, i.e., with argming Qy,(6) attained by a value on function ¢;°. To that end,
for all further iteration ¢ > ¢t we choose data points 3 with unitary cost:

c(yri0) = A(B) — 0 - T(ys) = A(B) — 6 - VA(Bo) = c(8).

Case 1: non-optimal indices s # so € {0,...,t — 1}. By continuity of function
Q:(+) there exists a ball centred on 8y with small radius €, B(fy, €), such that Q(0) =
q;°(0) < ¢;(@) for points @ in this ball. We consider 8 outside B(fy,¢). By strong
convexity of A, there exists a constant a > 0 such that:

c(8) > c(8o) + alld — 8o > c(60) + ae?,

for all @ outside B(0,€). We also write A = ¢;°(8y) — @ > 0. We consider T = [%1,
then:
Tc(0) > Tec(Bo) + aTe* > Te(fo) + A
Thus,
Qr+Tc(0) > Qr+ Tc(fo) + A =Tc(fo) + ;° (o) ,

for all @ outside B(fp,¢). Thus, the minimum of Q,(-) = Q+7(-) can only be in the
ball. All points outside the ball corresponding to indices s # sg in {0,...,t — 1} are
not optimal, which proves case 1.

Case 2: non-optimal indices s € {t,...,t+T}. We first consider s = ¢. The second
assumption in Equation (Q++ B > ¢;°(80)) ensures that values visible for function
¢;° are not all too large and pruned by function ¢! +1- We have:

G4, (0) = Qr + Tc(0) + 8 > ¢;°(Bo) + Tc(8)
> ¢;°(60) +T'c(6o)
= q;17(00) = g;y (6o) -

All points on the function qgo are higher than qu’ (6p), consequently index ¢ can not be
optimal. For s € {t+1,...,t+ T}, we have for index 5 < ¢:

mein c(yst;0) + (s — t)c(Bo) < moin c(yss;0),
or,
min c(yse; ) + Te(Bo) < min c(yss;0) + (to — 5)c(Bo) -
Using for 5 the best index for last change point in Qs (written S9) we have Qs, +
ming ¢(yz,s;0) + 5 = Qs and we get:
Qs, + nbin c(ysot;0) + B+ Tc(0o) < Qs + (to — s)c(Bo) -

By definition of Q; (see () we have Q; < Qs, + ming c(ys,¢;0) + B and eventually:

d,(80) = Q¢ + Tc(Bo) + B < Qs + (to — 5)c(8) + 5,

< Qs+ (to— 5)c(0) + 8 = q;,(0) .

The global minimum of the function Q,(-) cannot be attained in index s, as we
proved that it cannot either in index ¢. By exclusion of all indices, except sg, we have
shown that the global minimum is attained at a value of the function qu; consequently,
removing s from 7; would lead to an under-optimal solution.

27



C Worst-case time series

C.1 Proof of Proposition

The minimum of the function ¢; is defined as mj. A sufficient condition for no pruning
is to meet the condition m? = ml = ... = m?~! obtained at distinct values. This
is the case for a strictly increasing time series. We assume that the global minimum
is always attained for index 0 and that the time series is increasing; thus, using the

variance notation in Appendix [A] we solve:
md =nV(yon) = (n — )V (ywm) +tV(yor) + 5, forallt=1,...,n—1.

By relations in Appendix [A] this leads to equations

nt
7(§0n—§0t)2:ﬁ, forallt=1,...,n—1.
n—t
With t = 1, we obtain g, = \/ﬁ"T_l having chosen first data value y; = 0, and
therefore, with other indices, we get:

We then find the proposed expression easily. We need to verify that the time series is
strictly increasing and that the global minimum is associated with the first data point
at each time step. Indeed,

ytH—yt:\/§<—\/(t+1)(n—t—1)+2\/t(n—t)—\/(t—l)(n—t+1))

is positive as t — —+/t(n — t) is strictly convex on interval [0, n]. The last change point
is always associated with the first data point, as we have an increasing sequence of data

with equality of the minima at the ending instant n (m? =m! = ... =m?~1).

C.2 No pruning in the exponential family

We say that a time series increases if it is increasing coordinate by coordinate. Under
some mild assumptions, we can build a no-pruning example of increasing time series in
a more general setting.

Proposition 12. We consider costs of type "aA(@)+b-0+ c" derived from the natural
exponential family with continuous density. We consider the following equations in
variable x:

s

E(t): gt(m):ﬁ—kD*(Y), t=1,...,n—1, (26)
with

D*(z) =z - (VA Hz) - A(VA)(z),, z€Q,

[ n—t_,/nY —tx
gi(x) = =D*(x) + D(

), z e C.
n n

n—t
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IfY € Qg = ﬂ?;llflt and 8 is chosen such that:

p
sup_ {gi(z)} > —+D*(Y),
€, z<Y n
there exists an increasing sequence of data yi, . .., Y, with zero pruning solving which

verifies:
1 n
Y = yOn = E ; Yt

x =s; solution of E(t),

yp=tsg—(t—1)s4—1 t=1,...,n, with sp=0.

Proof. The proof is an extension of the evidence of Proposition [2] and is based on a
similar strategy. We look for data configurations for which the minimum of functions
¢, denoted m$, are all the same: mQ = m! = --- = m”~!. There is no possible
pruning if we find an increasing time series realising such conditions. For density from

the natural exponential family, we get the relations:
my, = Q¢+ (n = )(A(p) = G - p1) + B = Qo +1(A(po) — o - po) + B = my ,

with p; = (VA)"1(7;,). We have also Qp = 0 and Q; = t(A(VA) " @) — Yo -
(VAL (7o) + B as data is not spit into segments (we have only one large segment
and the minimum for Q,(-) is attained on ¢?). This leads to:

t n—t B
- (Tor) + D Um) =+ (Yon)

with D*(z) = = - (VA) ! (z) — A(VA)~!(z)). We get Equations denoted E(t)

with © = ¥y, Y = ¥, and relation % = Uy, 1t remains to find conditions for the
existence of a solution. We define g(z) = tD*(z) + 2-LD* (%) and study this

function. We have: i}
g(Y)=D*(Y),

Vg (Y)=0,
g; strictly convex,
Jgi+1 > g¢  except in point Y.
Evaluation of ¢g; in Y is obvious, for the gradient we get:
t nY —tzx
Vi(z) = f(vp* —VD*<7>>,
al@) = (VD (@) !

and then Vg;(Y) = 0. Moreover, function g; is strictly convex: V2g(x) = LV2D*(z) +

T n

7V2D*<"Z 7”); its Hessian is definite positive since the Hessian of D* is. We

t2
n(n—t) n—t
prove giy+1 > g; considering ¢ as a continuous variable. We define h,(t) = g¢(x) and we
have:

%D*(x>_%D*<nY—tm’)+Y—x nY—ta:).

Vh(t) = —

-VD*(

n—t n—t
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However, by a characterisation of the strict convexity of D* we have for z # Y

Y —t Y — Y —t
D*(z) >D*(u> fn——2 -VD*(U),
n—t — n—t
as niif =z — ?ﬂg%fx This leads obviously to Vhz(t) > 0 and consequently to

hy(t + 1) — hy(t) > 0 or with the g notation: g;y1(x) > gi(x) for all ¢ and all z # Y.
Now, with €; the convex domain of ¢, if ¢ = ﬁ;‘z_llﬁt is not empty, we can
choose Y in €g. We also choose 8 such that sup,cq, .<y{g1(®)} > g +D*(Y). By
continuity of g; we can find x = s; solving FE(1). Using the fact that go > g1 and
mingeq, g2(x) = D*(Y') we can now find x = so > s; solving E(2). Step by step, we
build the sequence (s;) corresponding to an increasing sequence of means g,. From this
point, it is easy to extract the increasing time series (y;), which concludes the proof. [

Notice that the multiple independent Poisson model leads to the expression

written as: .
—) =
=5

)
n

%xlog(az) —Ylog(Y) + (Y - %ﬂf) log (

where o € Q9 = (0, 7277 ) = (0,727 ) x -+ x (0, 727Ya) € R The set Qg is not

n ' n—1
empty and the limit of g; in zero leads to the condition for beta: 5 < nlog (%) ( Zle Y;) .

This bound is much lower than usual values chosen for penalty, bounded by a log(n)
term [9]. As the Poisson model needs integer data points, the solution we get has to
be approximated by §; = [y;] and the resulting data and functional cost Q,(-) have
some of their indices pruned as illustrated in Figure [0l If Y is chosen very large, the
approximation improves and the obtained time series converges to the Gaussian data
with no pruning.

In Table |4 we provide the expression for A, (VA)~!, and its domain Q for a few
distributions of the natural exponential family. For instance, the exponential model
leads to the expression written as:

t t Y — Ltz 3
log(Y) — — log(x —(l—f)lo <7n) ==,
g(Y) — - log(x) o) log (% -
where x € Qg = (O, %Y) For a multiple independent exponential model, the dual
D* can be decomposed as the sum of dual functions, one for each dimension: D*(z) =
2?21 D} (z;), with @ = (21,...,24)7, justifying the following rectangular form for Qo =
(0, %Yl) X oee X (0, %Yd> C R%. The set Qg is not empty, and the limit of g; is
infinite; thus, there is no restriction on the S value. A more general result for the
exponential family seems possible. Still, it requires solving Equation for x =
15 T(y;) and inverting T to explicit the time series (y;). This step depends on the
chosen distribution and requires additional effort, which is left for further work.
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Figure 9: Functional cost (Qo(-) obtained from 20 data points. We identify easily the 20
different inner functions from which the functional cost is built. We choose Y = 30 and
B =0.995Y log(n/(n — 1)). Due to the integer approximation for §;, only 14 inner functions
are visible in the functional cost.
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Figure 10: Examples with 30 data points in worst case complexity (no pruning) with Gaus-
sian model (middle curve in black) and two examples with exponential model with two
different penalty values (beta). We chose Y = 1.

D Proofs of Section

D.1 Proof of Proposition
The primal Lagrangian function is given for a non-negative multiplier 4 by the relation:
L0, 1) =q; (0) + p(q; (@) — i (9)),
= (t=9)A0) =0 Sy + Qo+ 5 —p((s =) AB) =8-S, +Q, — Q).

Va N Va N\



We get the critical point solving VoL (8, 1) = 0:

St — MSTS
(t—s)—pu(s—r)

which leads to the proposed expression:

6 () = (vA) ) = (VA (m(n)),

L8 (1), 1) = D) = — ((t = ) = puls = 1)) D*(mlw)) + B+ (1 + Qs — 4@

where D*(z) = z - (VA)}(z) — A(VA)~!(z)). We have the constraint:

St — ,USrs
(t—s)—p(s—r)

where M? is an open convex set ([0, 41]) including the value Sg; and thus p = 0 is in the
definition domain and y = z:—‘; is the maximum feasible value (but it can be a smaller
value, depending on the shape of M?). Theoretical results on this dual formulation can

be found in [6] [4T].

VA@®) = € M°,

D.2 Dual for the change-in-mean-and-variance problem

We obtain the canonical form of the exponential family, for (61,62) € R x R™:

(ysrs [01362]) = (¢ = 5) A (1, 02) — 01 S wi) — 0 S ). @

1=s+1 1=s+1

where

07 1 1
A(91,02):—4—912+§log(—2—02).

Computing the dual of the one-constraint optimisation problem. The gradient is:

0, 62 1
VAO) = | — —, — — —
(0) ( 2«92’405 202>’
and )
u
VA®) = (u,0) = (61,6) = (—UZ_U,W_U)).
The minimum cost is then
t— _
cyet) = 5~ (1+log(v—u?) with u=7F, v=y. (28)

We obtain the dual, considering the case r < s (the case producing an efficient pruning)
with constraint ¢/ — ¢i < 0:

D) = 5 (1= 5) — pls =) |1 +1og (

S2st — 1S%s Sst — Srs 2
(t—s)—Z(s—r)_((t—s)—Z(s—r)>)]

6+ (14 1)Qs — p@Qr -
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The dual is transformed into its decision function:

1 __ _ _ _ _
D(w) = 5 |1+ log (% +2ASZ, — (Su + msmtﬁ)] — (Qu +20Q,)

its domain is given by the non-negative z satisfying the condition S? +xAS2,, — (S5 +
$A§rst)2 > 0.

Let’s consider the particular limit cases. If V, = 0, then the data is constant:
Ys+1,---,Yt = ¢ and we solve directly g = ¢; to find a solution. If Vg = 0 we can use
the formula for ;4. to obtain

t—s Vo
s—=1Va+ o —7p)?

#max(VB =0)=

In all cases, the result for pmqs is always smaller than S; this is why the solution
(t —s) — pu(s —r) = 0 has been discarded.

E Proofs of Section

E.1 Proof of Theorem

For simplicity, we rename the indices as follows: s — 0, r; — i for ¢ = 1,...,d, skip
the t variable, and move the upper indices to a lower position. Therefore we solve:
mingeg qo(@) under constraints ¢o(0) — ¢;(#) < 0 for all indices ¢ € {1,...,d}. We also
use the vector function notation ¢ = (g1, ..., qq)-

The proof for strong duality relies on the following three lemmas.

Lemma 2. We consider a function f : R® — R for which the evaluation at point
c € RP can only be done through an auxiliary bijection g : RP — RP such that there
exists 0. € RP with g(8.) = c. Function f is convex if for any a,b in the convex
domain Q of f there exists a parametric curve gqp joining in a straight line the points
a to b such that gup(0(1—a)atas) = (1 — @)a + ab and with notation h(a) = 01 _a)atab
(h:(0,1) — RP) we have:

V(f9abh(0)) - (W(0)) < fgaph(1) = fgarh(0).

It’s a generalisation of a well-known result. Function f : RP — R is convex if for all
a,b in its domain: Vf(a)-(b—a) < f(b) — f(a). When g4 is the identity, we return to
this result.

Proof. (of Lemma The convexity of f is the same as the convexity of fgh by definition
of fgh. Using the definition of convexity for fgh, we have for all « € (0, 1):

fgh(e) < (1 —a)fgh(0) + afgh(l) or fgh(a)— fgh(0) < a(fgh(1) — fgh(0)).
Dividing by « and taking the limit o — 0: V(fgh(0)) - (R'(0)) < fgh(1) — fgh(0). O

Lemma 3. Consider the d constraints. Let 8y be in RY such that (qo — q)(0o) = ¢ with
c € RP, then 0y € {zTu+w, 2" u+ w} with 7,2~ € R and u,w € RP. They are the
two intersection points between a straight line and a level curve (qo — q1) = c1.
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Proof. (of Lemma (3)) We have for i =1,...,p:
(g0 — qi)(0o) = (i — 5)A(B0) — 60 - Sps + Qs — Qr, = ci,

or
= C; —
A(69) — 0y -Sps= —2 Qr, — Qs
ri — S T — S
Combining equations with indices i and i + 1 for i = 1,...,p — 1 to remove A(fy) we
get:
S S Ci G i T -
00 . (STH—IS _ S”S) — (4 o 141 + QT’Z Qs . Q 41 QS .
r,—S Ti+1 — S i — 8 Titl — S

With the assumption that the points S,,s are in general position (no redundant equation
or unsolvable system), we get 0g(z) = xu + w for potential solutions where z € R is a
parameter and u,w € RP are fixed values. As we considered that a solution exists and
as A is convex, this straight line intersects in two points the level curve (go — ¢1) = 1
(counted with their multiplicity). O

Remark 3. Using relation (S, s — S,.s) - u = 0, we easily get that for all indices i
and a fized intersection value 8y we have expressions (VA(0g) — Sy,s) - u is a constant.

Lemma 4. The orthogonal projection of O on its last d variables (O - (),R9)) is a
convex object.

Proof. (of Lemma Let 8, and 6 be in R such that (go—q)(0.) = a and (g0—q)(0p) =
b with a,b € RP. We need to prove that for all o € (0,1), there exists 6, such that
(g0 — ¢)(0,) = (1 — @)a + ab. Using Lemma [3| there are only two points for each
a (counting multiplicity) in O - (), R?) solving the equations: ~(a)u + av + w and
xt(a)u + av + w. They intersect in @ = 0 and o = 1 the level curve (¢o — q1) = a
and (g0 — q1) = b, respectively. We must show that the straight line also intersects
(g0 — q1) = (1 — a)a+ ab. We increase by one the size of the problem, considering a to
be one of the variables. the plane zu+av+w intersect f(0, ) = (qo—q1)(@)—a(b—a)—a
ina=0and a =1. f(@,a) <0 or f(@,a) > 0 is convex and bounded. Thus, the
intersection also occurs for all « in (0,1). O

Proof of the Theorem: We need to prove the convexity of the epigraph, that is,
for the lowest values of gq for points on the projection O- (), R?). This is not equivalent
to the convexity of ¢y as the evaluation is done here on the initial parameter’s functions
(the constraint values) instead of . Let 8, and ) be in R? and a,b be in O - (), RY)
such that (g0 — q)(0,) = a and (g0 — q)(0) = b.

We have:

A~ :R=Ra— a2 (@Qut+av+w, hAT:R—=RP a7 (a)u+av+w.

such that 8, € {h(0),hT(0)}, 8, € {h(1),A" (1)} and g(h~(a)) = g(hT(a)) = (1 —

a)a + ab. Function A~ corresponds to the solution for gy returning the smallest value:

q0(gar(h™ () < qo(gap(h™ () .

h~ and h* can be discontinuous, however i~ is differentiable in 0 (no jump in minimum
value at 0). Applying Lemma with h = h~ (and x = 27) we need to prove:

V(fgabh(o)) : (h,(O)) < fgabh(l) - fgabh(o) :
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That is:
(VA(Q;(O)U tuw)— §5t) : (%(O)U + v> < W (29)

Notice that we decide to choose u such that (§31 s —§St) -u > 0 (as u can be replaced
by —u if we have the wrong sign). We can also derive two interesting equalities. We
consider the intersection between the line and the level curve (see Lemma [3]), which
also intersects the curves gy = qo(8,) and qo = qo(0p). For a = 0 and oo = 1 we get four
relations:

— Q Qs‘{‘ﬁ . QO(oa)
ABe) 6o S t—s t—s’
ABo) =0y S + t—s  t—s '
A(aa) -0, '§s1s B Q51 — Qs _ (qo — ql)(oa) 7
S1— S s1— 8
A(0y) — 0y 'gsls _ Qs — Qs _ (qg — ql)(ab) 7
518 51— 8

leading to relation:

(Sue—Su) - 6y —0,) = q0(0y) — q0(6a) (90 —q1)(0s) — (90 — q1)(0a) ‘ (30)

S1— S S1— S

The second relation is the dynamic equation for points z%(a)u + av + w. We use
relations:

(g0 — a1)(x(0)u + w) = (g0 — 41)(6a)

and
(90 — q1)(@(e)u + ev +w) = (1 = €)(q0 — q1)(0a) + €(q0 — q1)(6s)

We derive, taking the difference with ¢ — 0:

(VA(:B(O)U +w) — §815> . (%(O)u o) = (g0 — (11)(91;)1—_(50 —q1)(0a) . (31)

Using and we can now reformulate (29) as:

(§s1s - gst) . (%(O)u + U) S (§51s - §st) : (eb - 0(1) )

or
dx

da

() (Suis = Sur) - u < (2(1) = 2(0))Burs — Sur) .

As we set (Ssls — §St) -u > 0, this gives us the relation:
Vz(0) - (1-0) < z(1) — x(0),

to be proven. This is true if & — z(«) is convex. Generalising Equation for all
a € (0,1) we get:

(VA(x(a)u +av+ w) - §s1s> ' (%(Q)U + U) = (qo _ Q1)(01;)1_(20 - Q1)(0a) :
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and differentiating in «:
d*x _
W) (VA (h()) - W (@) = =55(a) (VA((a) = Suis) - u.
However, (VA(h(a)) - §513) -u < 0, knowing the choice of u we made and Remark .

We exclude the nullity case as it is possible only for a point on the boundary of O-(, R?).

We can restrict points a and b to be in the interior and still prove the same result. Using

the convexity of A, we obtain g%’(a) > 0 and we find that a — x(«) is convex.

E.2 Proof of Proposition

The gradient of D* is equal to (VA)~! which leads to relation:

VvD* (gst + Z ﬂUrAgrst) = (Agost)T <(VA)_1 (gst + Z :L'rAgrst)> .
—y s

We introduce notation y = (VA)™! (gst + Z#S xTA§T3t> which leads to the first
system of equations: (ASes)x = VA(y) — S. With such notation, the critical point

(the maximum, function D being concave), is the solution of VI)(x) = 0 and gives:

_(Agost)Ty - A@ost =0.

F Quadratic cost function

F.1 The General case

We consider the following functions of the type:
q; (61,02) = Agb7 + 2B516105 + Cst63 + 2D 161 + 2E5,05 + Fi .

A natural restriction is to study the case when all the cost functions have a unique
finite minimum value and a unique argument for the minimum. Thus, we can define
the cost of a segment and associate with it a non-ambiguous parameter value. For any
function qf it is equivalent to condition A;Crs — Bit > 0 with Ay > 0 (such functions
are then strictly convex). With the Lagrangian with one constraint given by inequality
q; — qi < 0 (always considering that r < s, unless otherwise specified) we obtain the
coefficients:

A(:U') = Ast + N(Ast - Art) ) B(M) = Bst + N(Bst - Brt) cee
After computation, we have the following dual function given by the expression

_ 2B(w)D(w)E(p) — A(u)E*(p) — C(p) D* ()
A(p)C () = B*(n)

Suppose there is no possible reduction of the rational function defining the dual.
When the underlying process generating the time-series and therefore the functions ¢ is
continuous, the possibility of a reduction is certainly an event of measure zero. Thus, we
are looking for the first positive value fi;nqz such that A(imaz)C (tmaz) — B2 (fimaz) = 0.
This leads to the following result.

D) +F(n). (32)
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Proposition 13. The mazximal value pimar of the dual function given by Equation ,
if no possible reduction of the fraction, is the smallest positive root of:

A()C(p) = B () = (Wi — 2A + w3)p® = 2(A —wi)u +wi =0,
with
w% = AsCst — Bg?t y, 20 = AgCyry + ACst — 2B By and W% = ArCry — B?vt .

We have w? > 0 and w3 > 0 and we consider that w? # w3. The discriminant is also
positive: 4(A? — w?w?) > 0. The mazimal value is then given by:

2 2_ 2.2
A —wy A? — wiws
w? — 2A + w3

: if 20 > wi 4 Wi,

or 2A <w?+wl wl<A,
Hmax = 9 ! 2 (33)

w .

ﬁ, if 28 =wi4wl, Wi <A,
Wy — Wy

+ 00, if 2A < WP+ Wi wi> AL

Proof. First, we propose that the discriminant is positive. We can write:
A2 - w%wg = AuCyst (Astcst (dC - dA)2 + 4B§tdAdC> )

with

Bst Ast and  dr — Bst Cst
Brt Art “ Brt Crt ‘
As we have A4, Cq > Bgt and (dc —da)? > —4d adc, multiplying these two inequalities
give us a positive determinant. Second, we determine the smallest positive root by
studying the sign of the product of the roots, which is equal to w?(w? — 2A + w3)~L.
With 2A > w? + w3, the product is negative and the biggest root is the only one
positive. If on the contrary 2A < w? + w3, the roots have the same sign and the sign
of A — w? determines whether both roots are positive (in that case the smallest root
is the solution) or both negative (in that case fiq is infinite). The degenerated case

with no quadratic term is obvious. O

dg =

It is also possible to consider the quadratic form in dimension p more than 2. How-
ever, determining the boundary for p is challenging to determine explicitly: this is the
first mu value such that det(A — uB) = 0 with A and B two p X p matrices.

F.2 Changes in simple regression

A direct application of the previous result is the problem of detecting a change point in
simple regression. In this setting, we gather two-dimensional (x4, ;) points over time.
At a change location, the linear bound linking x; and y; changes. To be specific, this
corresponds to a model with data points (xy,y;) generated by a succession of simple
linear models (choosing z; and then getting the response y; through the regression)

Y = a;ry + b + €, t=m+1,...,7+1, i=0,...,K,
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with ¢t — a; and t — b; piecewise constant time series and ¢ ~ N (0,02) identically
and independently distributed. The vector (71,...,7x) of strictly increasing integers
subdivides the time-series into K +1 consecutive segments with natural notations 79 = 0
and Tx41 = n. Using the maximum likelihood approach, we see that this leads to
considering the cost function ¢; (01, 62) = Qs + c(yst; [01;62]) + 5 with

t

c(yst; [01362)) = Y (5 — (braj + 62))°,

Jj=s+1

(t = 5) (22,03 + 270102 + 03 — 2wy) st — 202 + 1)

Identifying the coefficients term by term, we introduce the notations:
a5 (61,02) = Ag0F + 2B10105 + Cyy03 + 2D 161 + 2E5,05 + Fly .

Writing as previously A(u) = Agt + u(Ast — Apt), ... we obtain the dual function in
expression (32)).

G Examples of dual change point functions

We consider at time ¢ the function ¢ constrained by the function ¢;. The shape of the
dual function D for some distributions of the exponential family in the one-constraint
case can be easily expressed as:

D) = ~(t — ) (D" (m(w) + (VLY s 18 )

gst + M(_l)[r<s}§rs
1+ p(=1)kr<s]

m(y) = L) = 14 (-1l

Equation is the re-scaled version of the dual, replacing |i::‘u by w. Only
(convex) functions D* as well as their associated domain in g parameter for D are
distribution-dependent; we give their form in Table |3 Function D* can be expressed
through the log-partition function A as D*(x) = x(VA)~(z) — A((VA)~!(x)). The
right bound of the support for D is the largest value piy,q, such that the dual is defined

on (0, ftmaz)- For simplicity, we use notation m(u) = % in Table Notice
that we focus here on the case r < s. When r > s there is no limit for parameter pu:
Hmaz = +00.

It is interesting to notice that I(fmaer)D* (M (1maz)) is equal to zero except for the
following cases: Gauss, exponential (if fnee = Z1), Poisson (if fimes = 1). Details for
computing D* are given in Table [4l More details on the properties of D* can be found

in Chapter 3 of [41].
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Table 3: Distribution, their dual function and maximum dual parameter in case r < s

Distribution Function z +— D*(z) Maximal value fi,q.
Gauss 1z? 1

Exponential —logx —1 min(1, Z—;)

Poisson z(logz — 1) min(1, Z—;)
Geometric (x —1)log(x — 1) — zlogx min(1, 2=1)
Bernoulli/Binomial zlogz + (1 — x)log(l — x) min(g—;, ?’—Z;)
Negative Binomial zlogz — (1 + x)log(1l + z) min(1, g—;)

In the Gaussian case, data is standardised: divided by the estimated standard deviation. In
binomial and negative binomial cases, data is divided by the estimated number of trials and
successes (respectively), and the logarithmic values can be computed.

Table 4: Functions A and (VA)™! used to compute D*(z) = 2(VA) (x) — A(VA) (z))
for some standard distributions in exponential family

Distribution y— Ay) r— (VA (z) r €

Gauss s? x Q=R
Exponential —log(—v) -1 Q= (0,400)
Poisson exp(y) log(z) Q= (0, +00)
Geometric —log(e™¥ — 1) log (=1 Q= (1, +00)
Bernoulli/Binomial log(1 + €Y) log ( % Q=(0,1)
Negative Binomial —log(1 — e¥) log (1% Q= (0,400)

Remark 4. From the table[3 we can easily write down the dual functions in a multi-
variate setting using relations . In that case, we sum over all dimensions the dual
obtained for each univariate time-series (except for constant Qs + ).

For the sake of completeness, we provide details about the limiting cases, defined by
the limit values for S,; or S,, with Sy # S,., on the boundary of Q. These limit values
are denoted 02 (equal to 0 or 1 with the given distributions in Table . If Sy = 09,
then fi;mqe = 0 for all distributions (except for Gauss). If S,s = 09, then fimee = 1
except in the case Bernoulli/Binomial where fiyq, = Ss if Sps = 1 and fiyner = 1 — Syt
if S5 =0.

Remark 5. If Sy = S,s = S € QU N, we get D*(m(n)) = D*(S). Therefore, the
dual D is a linear function with mazimum in p =0 or u =1 (the mazimal value fimaz
in that case, see Table @, depending on the sign of the slope.
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