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Abstract. The Stokes—Leibenson problem for Hele-Shaw flow is reformulated as a Cauchy
problem of a nonlinear integro-differential equation with respect to functions a and b, linked
by the Hilbert transform. The function a expresses the evolution of the coefficient longitu-
dinal strain of the free boundary and b is the evolution of the tangent tilt of this contour.
These functions directly reflect changes of geometric characteristics of the free boundary of
higher order than the evolution of the contour point obtained by the classical Galin—-Kochina
equation. That is why we managed to uncover the reason of the absence of solutions in the
sink-case if the initial contour is not analytic at at least one point, to prove existence and
uniqueness theorems, and also to reveal a certain critical set in the space of contours. This set
contains one attractive point in the source-case corresponding to a circular contour centered
at the source-point. The main object of this work is the analysis of the discrete model of the
problem. This model, called quasi-contour, is formulated in terms of functions corresponding
to a and b of our integro-differential equation. This quasi-contour model provides numerical
experiments which confirm the theoretical properties mentioned above, especially the exis-
tence of a critical subset of co-dimension 1 in space of quasi-contours. This subset contains
one attractive point in the source-case corresponding to a regular quasi-contour centered at
the source-point. The main contribution of our quasi-contour model concerns the sink-case:
numerical experiments show that the above subset is attractive. Furthermore, this discrete
model allows to extend previous results obtained by using complex analysis. We also provide
numerical experiments linked to fingering effects.
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1. INTRODUCTION

When presenting the first edition of the book [30], A. N. Krylov wrote in the preface: “Involun-
tarily, I remembered the spring session of the Marine Engineering Society in 1898. At this session,
Prof. Hele-Shaw for the first time exhibited his cell, which was projected on a screen to show the
streamlines of a jet flow past various kinds of obstacles.” In the same 1898, Stokes [39] showed that
the Hele-Shaw cell was (as Lamb wrote in [27]) “a beautiful experimental verification of the forms
of streamlines for certain cases of stationary vortex-free planar motion.”

The core of the Hele-Shaw device is a blob of fluid, for example, glycerin, moving between two
glass plates. In recent decades, the attention of some scientists has been attracted to the problem
of motion of such a blob when glycerin is injected or sucked through a small hole in one of the
plates. The air that surrounds the blob is another fluid with negligible viscosity.

TDeceased.
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36 DEMIDOV et al.

Fig. 1. Fluid is injected (or sucked) through some source-point (or sink-point) O.

In the idealization proposed by L. S. Leibenson [28], this viscosity vanishes. This corresponds to
the case of constant pressure on the blob boundary. The classical statement of the Stokes-Leibenson
problem for Hele-Shaw flows can be written as follows.

Let Qg be a bounded simply connected domain in R? enclosing the origin (where the source-sink
point is located) and such that its boundary I'y is smooth enough. This domain will be deformed
according to the following law. At time ¢, we obtain a domain €2; with boundary I'; such that the
normal velocity of each point s of I'; is given by

kinetic condition: sv=0,u on I,

where v is the unit normal outward-pointing vector, d,u is the normal outside derivative of some
real function u (see [28, 39]) defined in €; by

Stokes equation for Hele-Shaw sell:  Au = ¢d in Q,
Leibenson dynamical condition: u =0 on I';.

Here, A = 92,+02 is the classical Laplace operator and 4 is the “ Dirac distribution” concentrated
at the origin. The coefficient ¢ belongs to R* and characterizes the source-power (respectively, sink-
power) when it is positive (respectively, negative).

Mathematical research about the above Stokes—Leibenson problem began with the papers of
Galin [17] and Polubarinova—Kochina [33, 34], published in 1945. In these articles, the authors
introduced a certain univalent mapping f(-,¢) from the unit disk {¢ € C/|¢| < 1} onto the desired
domain 2; and obtained the equation

o R [Z{(c,w( gg‘«,t))] —q  lg=1. (1.1)

Under the assumption that f(¢,t) = a1(t) + a2(t){ + - -+ a, ()™, Galin [17] obtained a system of
ordinary differential equations for the coefficients a;(t). For n = 2, this system takes the form [34]

al(t)as(t) = a3(0)az(0),  a}(t) +2a3(t) = a}(0) + 2a3(0) — %’f ,

If |az/a1| < 1/2, then the image of the unit circle by the mapping f(-,¢) is a limagon I'g. In the
sink case (¢ < 0), it is transformed in finite time into a cardioid I';, whose cusp does not reach the
sink-point. Further (i.e., for ¢ > ¢,) the map f(-,t) stops being univalent and the solution t — I’
ceases to exist. By using the meromorphic map ¢ — f((,t), Kufarev [26] found a similar effect
for a circle where the sink-point is shifted relatively to the center. The first theorem on the local
solvability of the Stokes-Leibenson problem was obtained in [40].

In the last decades, such problems have often been called problems of Hele-Shaw flows or Hele-
Shaw free boundary problems [31]. Interest in such problems increased in recent years (see, e.g.,
[18, 19, 21, 25, 29, 31] and references therein). These problems are also good models for some more
complicated two-phases problems (see, e.g., [4, 5, 32]).

In this paper, we study the Stokes—Leibenson problem from a different point of view than the
Galin—Kochina approach. Namely, applying the functional-geometric method [10], inspired by the
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STOKES-LEIBENSON PROBLEM FOR HELE-SHAW FLOW 37

ideas of Helmholtz [22] and Kirchhoff [24], we reformulate the Stokes-Leibenson problem as a
Cauchy problem for a nonlinear integro-differential equation. This is an equation with respect to
two functions a and b linked by the Hilbert transform at each time ¢ > 0. The function a expresses
the evolution of the coefficient longitudinal strain of the free boundary and b is the evolution of the
tangent tilt of this contour. These functions directly reflect changes in the geometric characteristics
of the free boundary of order higher than that of the evolution of the contour point obtained by the
classical Galin—Kochina equation. That is why we managed to uncover the reason of the absence
of solutions in the sink-case, if the initial contour is not analytic at at least one point, to prove
existence and uniqueness theorems for any ¢ > 0 for a H?-smooth initial contour close to the circle,
and also to reveal a certain critical set in the space of contours. This set contains one attractive
point in the source-case corresponding to a circular contour centered at the source-point.

This result was announced in [11], briefly outlined in the note [7] (see also [8, 9]). Furthermore,
this leads to a discrete model, called the quasi-contour model [6, 14, 11, 12], which is very useful
for obtaining qualitative properties. This allows us to present numerical results which show the
existence of a critical subset, contained in 9 and of co-dimension 1, in a fixed space of quasi-
contours. The behavior near this subset can be an explanation of some physical instabilities.

In order to simplify some technical aspects, we shall rewrite the previous system, the Stokes—
Leibenson dynamical condition in the following form:

(1) Qo is a bounded simply connected domain in R?, symmetric with respect to the z-axis,
containing the origin O (where the source-sink is located) such that its boundary T’y is
smooth enough;

(2) this domain will be deformed according to the following law: at time ¢ > 0, one obtains a
domain €2; of boundary I'; such that the normal velocity of almost every point s of I'; is
given by following kinetic condition

S.v= g Oyu only, (1.2)

where the function u satisfies the following Stokes—Leibenson system

{Au:25 in Q,

u=20 on I';. (1.3)

The proof of the equivalence with the above system, the kinetic condition—Stokes equation—Leibenson
dynamical condition (see above) is immediate and is left to the reader.

It can be observed that the behavior of points of I'; depends on the shape of €; through u and
depends linearly on the flow-power gq.

Our paper is organized in four following sections:
(1) Geometrical transformation [10]: techniques inspired by works of Helmholtz [22] and Kirch-
hoff [24].
(2) Theoretical results, concerning the Stokes—Leibenson problem.
(3) Discrete problem: an approximated Stokes—Leibenson problem and a numerical scheme, the
so-called “quasi-contour model,” are constructed there.
(4) Numerical experiments: some results obtained by using above model are given.

2. GEOMETRICAL TRANSFORMATION

In this Section, we consider a fixed bounded connected open set Q of R? with a conveniently
regular boundary I' so that a normal unit vector v pointing outwards §2 and its directly orthogonal
tangent unit vector 7 can be defined almost everywhere. Furthermore, we suppose that ) contains
the origin point O of Cartesian coordinates and is symmetric with respect to the z-axis.

2.1. General Case

As above, we denote by J the associated Dirac distribution.
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38 DEMIDOV et al.

Let us consider the following Laplace problem, similar to (1.3),

Au=2§ in,
u=20 onI'.

(2.1)

Let us now suppose that 2 is symmetric with respect to xz-axis and define

(z,y) €l /y >0},
(,0) € Q/x>0}.

Qf ={(z,y) e /y>0}, T
77 =A{(=

o
(70)€Q/$<0}7 /7+:{

Because of the symmetry with respect to the z-axis, the above problem (2.1) can be reduced to

u=0 on 't (2.2)

{Au:5 in QF,
Ou=0 on~y U~y

Then we can consider that u is a harmonic function in Q7 and introduce its harmonically conjugate
function v such that the Cauchy-Riemann conditions are satisfied

0,v = —0yu and Oyv = Oyu in Q. (2.3)

Remark 2.1. Since v is harmonically conjugate to u, we get Vu.Vv = 0 and |Vov| = |Vu] in
QF and Vu = |Vu|v and Vv = |[Vu|7 on T'T.
By using Green formula, one can easily get the following result.

Remark 2.2. v~ and v are level curves for v and V= — Uyt = dyudo = 1.

Finally, without any constraint, we can choose v so that it satisfies

Av=0 inQt,
dv=0 onlT,
v=0 on~yT",
v=1 on~y .

(2.4)

Now let us now consider the analytic complex valued function w = u + 2 defined in Q7. By the
maximum principle for harmonic functions, w is univalent from Q% onto

D={w=u+w/(u,v) € (—00,0) x (0,1)}.

Since II is simply connected, the Helmholtz—Kirchhoff function (see [10]) is well-defined in II

A+1B=1In j—z . where z(w) = z(u,v) + 1wy(u,v), (2.5)
w

where A and B are real-valued functions. By a continuity argument, we obtain B(u,0) = 0 and
B(u,1) = 7. Hence, the Helmholtz—Kirchhoff function can be written as follows:

A(u,v) +1B(u,v) = ag + m(u +w) + Z B exp(mk(u +w)), (2.6)
k=1

where o and S5y (k € N*) are real coefficients.
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_________ ‘__________ So
v=1 0O v =20

Fig. 2. Upper part of fluid domain.

Definition 2.1. From above formula, we can define real functions A, B, a, b, a, B such that
Au,v) = ag + mu + A(u,v), B(u,v) = 7v + B(u,v),

A(u,v) = Zﬁk exp(kmu) cos(kmv), B(u,v) = Zﬁk exp(kru) sin(kmv),
k=1 k=1

a(n) = A(0,n) = a0 + a(n), b(n) = B(0,n) =mn+ B(n),

a(n) = A(0,n) = > By cos(kmn), B(n) = B(0,7) = By sin(kmn).
k=1 k=1

Remark 2.3. Every point z = x + 1y of Q7 is linked to a unique point w = u + w of IL.
Every point of I'" is linked to a unique point 1 € (0,1) such that “w = 0+ .”

Lemma 2.1. The solution u of (2.2) and the solution v of (2.4) satisfy

Vu = exp(—A)(S?ﬁ?) , Vv =-exp(—A) ( _:(I)I;§> in IT.

Immediate consequences are

|Vu| = |Vv| =exp(—A) inIl and |Vu| = |Vv| =exp(—a) on (0,1).
Proof. From (2.5), we see that

d
CTZ} = exp(—A —1B).

On the other hand, the Cauchy-Riemann conditions (2.3) yield

d
d—f = Opu — 10yu = Oyv + 10, 0.

Then the result can be deduced from (2.6).
Remark 2.4. A point s € I'T is linked to the parameter n € (0, 1), the normal and tangential

unit vectors are given by
_ (cosb _ (—sinb
’/_<sinb>’ T—< cosb) on (0,1),

and s is given by the following formula

" n -
s(n) =so+ / exp a(v) 7(v) dv = sg + €%° / expa(v) T(v)dv, with {so} =T+t nN~*.
0 0

RUSSTIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 23 No. 1 2016



40 DEMIDOV et al.

Remark 2.5. The measures of 71 (abscissa of sg), I't (dimension 1), and Q1 (dimension 2)
are given by the following formulas:

0 0
Iyt = / exp A(u,0) du = e*° / exp(ﬂu + A(U,O)) du,

1 1
Tt = / expa(v)dv = eao/ exp a(v) dv,
0 0

QT = / exp 2A(u,v) du dv = €**° / exp 2(mu + fl(u,v)) dudv .
I i}

Let b: 1~ b(n) = ™ + B(n) be the angle between v and the z-axis at the point s(n) € I't and
suppose that this function is regular enough so that

b(0)=0, bl)==m, BelL?0,1).

Then the Fourier expansion of 8 can be computed. The coefficient ag can be deduced from the
formula for Q%] in the previous Remark 2.5

ap = % In Q] — %’r(é) with  T(8) = 1n(/

. exp 2(mu + Au, v)) du dv) . (2.7)

This yields the functions a, A and the Helmholtz-Kirchhoff function by formula (2.5). Hence, the
geometrical transformation from II onto Q7 is known.

2.2. Circular Case

Remark 2.6. If 8 = 0, then 2 is a circular disk centered at O and the complex number
u + w € Il is linked to polar coordinates in the following sense:

r=/2|QF|/7m exp(mu), 0=mv.

2.8. Polygonal Case

A more interesting case concerns polygonal open sets. We consider the class P, (m € N*) of
simply connected polygonal domains such that

(1) each of these domains is symmetric with respect to the xz-axis and contains the origin;

(2) its boundary is a polygonal line with 2m vertices;

(3) consequently, m — 1 edges belong to the half-plane y > 0.

Any such polygonal domain can be characterized by two sequences:

(1) the first one, 0 = (0g,...,0p) satisfies 0 = 0p < 01 < -+ < Opp—1 < Oy = 15 it gives
the length of the edges; this sequence is defined by means of the function v harmonically
conjugate to the solution u of problem (2.1) (see also (2.4)): o is the value of v at the k-th
vertex of the upper part of I'";

(2) the second one, N = (Ny,...,N,,), gives the orientation of edges, i.e., Nj is the angle
between the xz-axis and the normal unit vector pointing outwards Q" along the k-th edge of

the upper part of I'"™*; because of the symmetry with respect to z-axis, we define Ny = —N;
and Np11 = 21 — Npy.

The function b given in Definition 2.1 (and used in Remark 2.4) is piecewise constant:
VEe{l,...,m}, o1 <n<or = b(n)=Nj. (2.8)

Remark 2.7. The regular polygonal domain centered at the origin corresponds to the choice
Jz&andN:N, where 0 = (0,%,...,”‘7—1,1) and N = ( n_ 3 ,M>

2m? 2m’ 2m
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Proposition 2.1. If the function b is given by (2.8), than the functions A and a will be

N-
A(u,v) = ap — In2 — =L In |cosh 7u — cos v

- %(1 - N—) In | (coshmu — cos (v + 1)) (cosh mu — cos (v — 1))]
- Z Nk“ " In | (coshru — cos (v + o)) (cosh mu — cos (v — o3)) |

N N,
a(n) =ap—1n2— —ln\l — cos | — (1 — —m> In |[cos 7y + 1|
T ™

m
Nig1 — Nig
- g —————— In|cos ™ — cos o] ,
T
k=1

where oy is given by (2.7).

Fig. 3. Example of upper part of a centered regular hexagonal domain.

Proof. The classical Fourier expansion of (3 is

8 = 322 (Sh 4 30 LR cosgma) ) sin(ymn)

1=1 J m k=1

By Definition 2.1, we have

A(u,v) = g + mu + Z B, exp(gmu) cos(ymv).
1=1

We then get A from the following expansion, which holds for u < 0 and v € (—1,1),

Z —exp(ymu) cos(ymv) = —In2 — mu — In|cosh mu — cos wv| .

For v =n, as u — 0, the computation leads to the expansion of a.

RUSSTIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 23 No. 1 2016
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Let us now introduce the following notation:

1/2
Fy(u,v) = (coshwu —cos7(v+ Uj_l)) (coshwu —cosm(v — JJ—I)) / e
(coshu — cos (v + ,)) (coshmu — cos w(v — 7))
Frt1(u,v) = | (coshru — cos (v + 1)) (cosh mu — cos (v — 1)) ‘1/2 ’
G(N,u,v) = z(H Fy(u U)Nk/ﬂ) ()
£.(n) = F,(0,) = sin §(n+o0,-1) sin 5(n — 0,-1) L<rem 29)
177 J 1 sin © (77"‘0']) Slng(n—(J’]) SV y

. . T
fr41(n) = Frg1(0,m) =2 ‘Sm§ n+1) sin 5(77 - 1)} ;

g(N,n) = G(N,0,7) = Q(H fk(n)Nk/”)fm(n) :
k=1

Proposition 2.2. The notation (2.9) enables us to write

1

1
1
QT | = e? 5 dud t = /d F+—a°/d.
‘ € /G uav "y ‘ 6 GNUO) 'I,L, | ‘ e 0 g(N,T]) T,

Proof. Proposition 2.1 and the notation (2.9) lead to
A(u,v) = ap — In(G(N, u,v)), a(n) = ap —In(g(N,n)) . (2.10)
We obtain the result by using Remark 2.5.

3. THEORETICAL RESULTS

We now consider the Stokes-Leibenson problem (1.2), (1.3) mentioned in the Introduction. We
here use the tools described in Section 2 in order to be able to constract a one parameter (¢) chain
of solutions (€2;,I";). As we did in Section 2, we assume the existence of a fixed axis containing
the point O with respect to which €; and I'y are symmetric, and, at each time ¢, we shall use the
above geometrical transformation in order to express u and find the kinetic behavior of the points
of I';. Hence, the functions given in Definition 2.1 depend on time ¢ via the coefficient ag and the
function B. In particular, we obtain

a(t,n) = ao(t) +a(t,n), blt,n) =mn+ B(t,n),

Zﬁk cos(kmn), Zﬁk sin(kmn). (3.1)

Then we can observe that a point s of I';” depends on time ¢ and its position along Ff depends on
the parameter n € (0, 1).

Proposition 3.1. At each point of I‘t+, the normal velocity is independent of the parameter n.

Proof. For any point s € T'}", we can write $ = d;s+ 19 Ops , and observe that 0,s is a tangential

vector to I'}” (see Remark 2.4). Taking the inner product by v, we get normal velocity, $.v = (9;s).v
and this expression is independent of the choice of 7.
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3.1. Evolution Equation
Let us apply the results obtained in Section 2.
Proposition 3.2. Assume that, at almost every point, T} is reqular enough. Then, for t > 0

and n € (0,1),

a —a K a q —a
(e®0b) (t,m) = 5 (e~ Dya) (t,m) + 8776(75,77)/0 (e Ora — 5€ 8nb> (t,v)dv.

[\l

Proof. Here we consider a point s = s(¢,7) that belongs to I';". From (1.2), Remark 2.1, Lemma
2.1, and Proposition 3.1, we deduce 8.v = (9¢s).v = q/2e~*. Taking the derivative with respect to
n, we get, for t > 0 and n € (0, 1),

(82@).1/ + (0yb) (Ots).T1 = —(q/2) e * Opa. (3.2)

Using Remark 2.4, we obtain d,s = e* 7 and 87;s = e* ((9,a) T — (9;b) v). Thus, (97;s).v = —e® 9;b
and (97;s).7 = e* Oa . Similarly, we compute

Oy ((915).7) = (92,8).7 — (Dyb) (Dhs)./ = €* Dy — %e*a a,b.

Using the symmetry of the contour I with respect to the x-axis, we can write (0¢s).7 = 0 for n = 0.
Then, for t > 0 and n € (0,1),

(018).7) (t.) = /0 ! (e Bha — e 0,b) (1, 0) o (3.3)

Our result can now be easily deduced from (3.2), (3.3).

Corollary 3.1. The above integro-differential equation can be written as follows
. n
Bt,n) — ((x +0,8) e *)(t,n) / (&e)(t,v)dv
0
n
=720 [(D,0e72) (t,m) = (7 + 0,8) =) (t,1) / (7 + 0,8) €= (t,v) do|
0

+ p(t) [((77 + 8,8) e*)(t,n) /77 et dv} :

0

Proof. We substitute formulas (3.1) into the equation of Proposition 3.2.

According to formulas (3.1) the functions « and (3 are linkedby the Hilbert transform. Having
this in mind, let us write the integro-differentiable equation from Corollary 3.1 in the form

[1+Ko(B)] 8 = %6_2“0 F1 () + co Fa(B) , (3.4)

where I is the identity operator and

Ka(B): Bt.) = ~((7+ 0,8) =) ) | (@) (t,v) do (3.5)

Fq (B)(t, n) = (Opace™2%)(t,n) — ((ﬂ' +0,0) e_a) (t,n) /On((ﬂ' + 0,8) e—a) (t,v)dv,
B2 (B)t) = ((r-+ ) ) tm) [ e o,

0
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Proposition 3.3. For all t > 0, the shape of T') is characterized by the Fourier coefficients of
the function (.

Proof. Observe that the rate of increase of the area of {2, is given by

d’Qt‘_/ . _ 49 _
T Fts.zjczh—? Ft&,udv—q.

In other words, Q| = %t + Q|- We now use Remark 2.5 to obtain the function ag and find A

and a.

Using the function Y given in (2.7), we can compute the coefficients depending on o in equation
(3.6)

e exp(Tof . 1d
200 :Il)éﬂ) and aozia(]n‘ﬁm—'ro,@). (3.7)
t

Let us now define a new operator as follows

K:(8): s [(tn) = £ 202 ) ma(By(em). (35

Theorem 3.1. Consider problem (1.2), (1.3). If, T is reqular enough at almost every point,
then the main unknown [ satisfies the following integro-differential equation

[H + KO(B) + K1(ﬂ~)] B = ﬁ [GXP(TOB) Iy (B) + %FQ(B)L (3.9)

where Ko, Ky, Fy, Fo, and Y are, respectively, defined above in equations (3.4), (3.8), (3.5), (3.7)
and | = qt + |Qol, Vt > 0.

Proof. Let us consider (3.6). From (3.7), we deduce the coefficient

B m exp(T(B(t))).

Again, from (3.7), we can deduce the time derivative of ay,

. 1 q d(Yop)
%@:QQHQMN— ().

We finally rewrite (3.6) by using above formulasand (3.8).

Remark 3.1. The above formulas could be easily extended to the case of a time depending
power flow. The corresponding law for fluid area should be

1 t
0= 3 | awds+ 01
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3.2. Existence and Uniqueness Result

The case “¢ = 2 and § small (in the sense of Fourier series)” has been studied by the above
method in [8, 9]: it corresponds to a fluid domain close to a circle centered at the source-point.

Coordinatewise, the dynamical system (3.9) becomes

20t +to)(Bib+m(BB) = (=B 250082 )+s1(8), 510)
2t +10) (B +mu(B)B) = —(k+ 2B+ si(8) for k=2, '
where : 14+8gn|k—1| 24-8gnN|k—1]|
re(8)81 < CIBIL T 1B, Jsk(B)] < ClBITTE
and
2 ) i 2
181 = max (S (kB) s 1Blo = max |3 (B®)
k=1 k=1
Neglecting the terms containing r; and s; in (3.10), we obtain the system
2t + QBB = -G +2 52,
(¢ + 195 1)BLBy = — B ]Z;BJ 3.11)
2t + 1018 = —(k+2)Br, VE>2,
with respect to S(t,n) Z Br(t) sin(kmn).
k>1
Let us add the initial conditions
B(0,n) = B(0,n) = > _ Bsin(kmn), ne(0,1). (3.12)

k>1

If initial data satisfy 8{ # 0, the solution of above Cauchy problem is

1/2
(- ()
t+QF | )
2

5 ot 1/2 o) 50
ey =t (58k) " (14 S |4

|Q+ >1+k/2

Buv) = B (e

Y

In [8, 9], it is proved that solution 3 of (3.9)—(3.12) behaves similarly to above function 3.

Theorem 3.2. There exists a Cy > 1 such that for every (x,e,T) satzsfymg x =1, Cux3e <1,

C.x2T <1, and for initial data B° : n+ B°(n) = 3 BYsin(knn) belong to H'(0,1) and verifying
k>1

Bl- SRR (5)

122

problem (3.9)—(3.12) admits one and only one solution 3 belonging to some e-neighborhood of zero

in C(0,T; H'(0,1)). Furthermore, 8 can be approzimated by 3, the solution of (3.11), (3.12), in the
following sense

B -AOo<Ce. (X180 -5,08) " <xe.

122
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This result shows, in particular, that the solution 3 of (3.9)—(3.12) follows from the solution 3 of
(3.11), (3.12) under assumptions of Theorem 3.2. We can observe that the origin (with respect to
B) is an attractive point when time increases. This means that the limit domain is circular and
centered at the source point. Furthermore, the first equation in system (3.11) shows that the set
“Bq = 07 is critical in the sense that it does not give any solution. It can be observed that if, in the
initial data, (7 is small, then the speed 1, as well as 3, is high. From these two remarks, we can
deduce that locally the set “8; = 0” contains the origin which is attractive (when time increases)
and that every other point of this set is repulsive (in the source case). This phenomena seems to

be associated to the fact that the operator I+ Ky (8) + Ky(8) is singular. We shall try to develop
a convenient numerical scheme in order to study the set

M ={B/1+Ko(B) +Ki(B) = 0} (3.13)
Let us now complete this section with a global-in-time existence and uniqueness result.

Theorem 3.3. There exists p € (0,1/8) such that, for u € (0,1], if the initial data B° belongs
to H*(0,1) and satisfies

0< B <pp, D KB < (up)18)172
k=2

then problem (3.9)(3.12) admits one and only one solution B € C(0,4o00; H*(0,1)). If § is the
reference function satisfying (3.11), (3.12), then

OBl <n  (C1H0 - 50F) " <u

k>2

Furthermore, there exists some constant C' slightly exceeding 1 such that, for allt > 0, the following

estimates hold
1/2

B -mmI<on, (D IB®-A0P) T <Cn.

k>2

The reader can find a proof in [8, 9].

4. DISCRETE PROBLEM

We here try to develop a numerical method inspired by Fuler’s idea of “broken lines.” To this
end, we introduce a discrete model [6, 10] of problem (1.2), (1.3). The reader may also find some
relationship with the Wulff crystal models from [1].

Our main idea has two aspects:

(1) we consider the class P, (m € N*) of simply connected polygonal domains (see Subsec-
tion 1.3);

(2) we compute the behavior of such domains, the so-called “quasi-contours,” by applying a
discrete law inspired by the law of motion of smooth curves in the classical Stokes—Leibenson
problem.

4.1. Discrete Law and Notation

We fix a value of m € N* and consider polygonal domains belonging to P,,. For such domains,
we denote by f‘;@” the set of 2m vertices of the boundary I'}*. At each point p € f’;’f‘, we define a
quasi-normal unit vector pointing outwards from the domain, 7, and a quasi-tangential unit vector
Tp (directly orthogonal with respect to rp). Further, we define a nonnegative weight function dp,
which is positive at p and supported by the two edges around p, so that the set of these weight

functions is a partition of unity of I'}" in the following sense: Z dp =1, onI}".
pery
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Fig. 4. Quasi-normal and quasi-tangent vectors at vertex pj.

We now consider a discrete problem close to the Stokes—Leibenson problem (1.2), (1.3). For ¢ > 0,
we want to construct 2" in P,,, and its boundary I'}", so that for ¢t = 0, Q" is given in P,, and
all vertices of I'}" verify the pointwise kinetic condition

.o~ q ~m
p-Up = 2/m dp [Vu|dy, Vpely, (4.1)

t

where u satisfies (1.3) in Q}":

(4.2)

u=>0 on I'f*.

{Au:25 in Q7"

In order to build the numerical model, we use the tools introduced in Subsection 1.3: we consider
a natural number m € N* and the first sequence o as fixed parameters, which the second sequence
N will be the main variable, depending on time. In particular, functions A and a depend on time
through ap and N and, in this framework, using the functions G, g given by (2.9) and « given by
(2.7), formulas (2.10) can be rewritten as follows,

A(t,u,v) = ag(t) — ln(G(N(t),u, v)) , a(t,n) = ap(t) — ln(g(N(t), 17)) .

For given parameters m and o, we introduce some further notation:
(1) the m + 1 vertices of the upper part of quasi-contour I'™: pg, p1,... , pm corresponding to
sequence o;
(2) the normal and tangential unit vectors along the edge pxPr1: Vkt1/2 and Tj41/2 (see (2.8));
(3) at each point pg, the quasi-normal and quasi-tangential unit vectors: 7, and 7%, so that the
speed of pg is px = Rivy + Tk 7r, where Ry and T} are quasi-normal and quasi-tangential

speeds and
_ [ cosby . [ —sinbg _ Ni+ N
Vk_(sinbk>’ Tk—( cosbk) , where bk—iz .
Because of the symmetry, we have Ty =T}, = 0. T4, ... , T;,—1 are a priori unknown, as well as Ry,
Ri, ..., Ry, which depend on ¢ for a given parameter o. The weight functions dp in the kinetic

condition (4.1) must be chosen so that the following properties hold

(P1) the pointwise kinetic condition (4.1) tends to the kinetic condition (1.2) as m — oo,

(P2) for a regular quasi-contour centered at the origin (see Remark 2.7 ), we must have:
Ry=R1=--=Rp,.
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To this end, we make the following elementary choice: we first introduce the sequence

Akzak%w,iflgkgm; Ao = —A15 Amg1 =2 = Ap;

we then define the k-th weight function by using the characteristic function xj of (Ag, Ak+1),

1
dp, = —— Xk -
Lemma 4.1. Under above choice, the kinetic condition (4.1) at each vertex py (0 < k < m)
can be written as

. 1 Ak+1
Ry = 4 exp(—ag) pr(N), with pi(N) = / g(N,n)dn.
2 Akt1 — Ak S,

Proof. We use Lemma 2.1, formula (2.10) and the notation introduced above.

4.2. Discrete Model

We are now able to give a discrete version of equation (3.6) from Section 3. The following result
is very useful for the construction of a convenient numerical scheme.

Theorem 4.1. Let m € N* and o be fivzed parameters as above. If (Q7,T'}") is solution of
the discrete Stokes—Leibenson problem (4.1), (4.2), then the associated functions t — a(t) and
t — N(t) satisfy the equation

Qo(N)N = g =200 PO(N)) + o PY(N),

where Qo = (qry)1<k,y<m, P° = (D))1<kem and P! = (p})1<k<m can be expressed via the functions
[y, g given by (2.9) and p, given in Lemma 4.1, in the following way (0, is the classical Kronecker
symbol),

1 Ni — Ni—1 /Uk_l In £ (n) Ni41 — Ny, /Uk In f,(n)
qr,(N) = - [tan dn + tan dn
a m 2 0 9N, n) p 2 o 9(IN,n)
ok
U
o / ,
! Ok—1 g(N,Tl)
Ny — Ny Npi1 — N,
pr(N) = pr—1(N) cos =L _ 5 (N) cos %
k—1
Ny — Ni— . N,— N, Ny —N
+ (0p1 — 1) tan % ; [p]_l(N) sin % + p,(N) sin J+12J]
k
Nk+1_Nk : N, — —1 . N+1—N
—tan ———— jz; [PJ—l(N) sin % + p,(N) sin % ,
N _ N _ Ok—1 N o N Ok d
pr(N) = tankkl/ M pap Ve k/ N
2 0 g(Nﬂ?) 2 0 g(N’n)

Proof. With the above notation, for ¢ > 0 we can write

Ok+1 Ok41
Pi+1 — Pk = / e Tpg1/2dn = </ e” d77> Th1/2 -
O Ok
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Differentiating with respect to ¢, we obtain

Ok+41 . Ok+1
Pkt+1 — Pk = (/ e” Ora dﬁ) Tht1/2 — Net1 (/ e’ dﬁ> Vk+1/2 - (4.3)

k k

But we have
Prt1 — Pr = Riv10hq1 + Ter1Trgr — R — TiT - (4.4)

One can easily observe

. e Ngp1 =N . _ Ngg2— Ngq1
Di-Vit1/2 = Th-Tht1/2 = 008 —— 5 Ukt 1-Vpr1/2 = T 1. Thp 1/ = 008 —— ———,

_ . o N =N . o Nigo = N
Vg -Tk4+1/2 = —Tk-Vg41/2 = — Sl - 9 Vk+1-Tk+1/2 = —Tk+1-Vg41/2 = SI - 9

Now, with (4.3) and (4.4), we compute (Pr11 — Pk)-Tht1/2, (Prt1 — Pk)-Vit1/2,

Thtt Niio — N, Niy1 — N,
/ e’ Oadn = Riy1 gin —F+2 TRt + Ry, sin —~+1 — Tk
o 2 2 (4.5)

Niy1 — Ny

Nivz = Nivr o Nitn = Ny
2 )

~+ Tk+1 coS 5

T : Nyjy2 — N Nps1— N
(/ e? dn) Ni41= —Rg41 cos % + R}, cos %
Ok 46
Niq2 — Niy1 Niy1 — Ny (4.6)

2

Summing the above equations (4.5) from k =0to k =7—1 (y € N*, 3 < m + 1) and taking into
account the fact that Ty = 0, we obtain

~+ Tk41 sin + T} sin

7—1

N,41— N s Niya — N Niy1 — N
T]COSJHJ:/ eaatadn—Z[Rk-HSinM‘FRkSink+1k
2 0 — 2 2

This gives T,. We substitute this expression into (4.6). From formulas (2.9) and (2.10), we deduce

. 1y
a(t.n) = ap(t) ~ng(N(),n),  da(t,n) = do(t) = — > Ny(t)In f;(n).
7=1
Using Lemma 4.1, we finally get the required differential equation.

Remark 4.1. Since the domain £, is assumed connected, the vector-function N satisfies
—nmT < Np—Np_1<m, Vk‘E{Q,...,m}, (47)

These conditions give the existence of every integral term in formulas introduced in Proposition 2.2
and Theorem 4.1.

This leads us to define a set of constraints about the sequences N.

Definition 4.1. For given m € N*, the set of constraints, i, is the set of sequences
N € R™ such that (4.7) is satisfied and the generating vertices pi, ..., pm—1 have a nonneg-
ative second coordinate.
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Theorem 4.2. The equation of the previous theorem can be simplified and transformed into a
Cauchy problem. Using the same notation as in Theorem (4.1), we obtain the equation

\ q o200 0 1
QNN = e (P (N) + m p (N)> ;

where Q(N) = Qo(IN) + Q1(N). Q(N) wverifies the equality

N ]. d w . ]_ . Ok+1 1 Oi4+1 1
O(N)N = | | PY(N) with |w| = 3 Z 51n(Ni+1—Nk+1)/ — dn/ —dn,

20| dt o<hiiTmot o 9(0) . 9(n)
dlw 1 . . Tk+1 ] i+l ]
c|lt| "2 > (Nig1 — Niga) cos(Nigy — Nk+1)/ o) dn/ o] dn
0<k<i<m—1 Ok gn o g\n

S 2 e [

0<k<i<m—1n=1 i

Ok+1 1 Ti+1 ln " .
+ / — d77/ f (77) d’l?:| SlIl(Ni+1 — Nk+1).
O g(v) [er} g(n)

Proof. The area of the fluid delimited by the quasi-contour is a polygon, and this area can be
expressed by the following formula || = % Zﬁgl (iYi+1—Tit1Yi), where (z;,y;) are the coordinates
of the i-th vertex. We already know that

i Ok 1 i Ok 1
xz; = | || — sin Nk/ dv]e*, y; = cos Nk/ ——dv | e*;
( ; Ok—1 g(v) kz::l Ok—1 g(v)

by introducing the notation z;11 = (Z; — 5;)e®® and y;+1 = (9; + ¢;)e®, we immediately obtain

m—1

1 - -
Q| = 2 |w| = 562“0 2 (Zic; + Uisi) - (4.8)

Remembering that the m-th vertex belongs to the x-axis, we deduce the relation

Ti41 1
Zcos Nz—l—l/ dv =0,
g9(v)

and a direct calculation of the area using the above expressions leads to the result for |w|. Differ-
entiating the first equality in (4.8) and using the expression 4 — 4 we succeed to remove Qg in

! dt 3
the equation.

4.83. Numerical Scheme

We implement an explicit Euler scheme with respect to time. The originality in our method
consists in the choice of the time scale, which is not a chosen parameter, but a Consequence of

constraint on the angles. Supposing that the sequences (NO,Nl, . ,Ne) and (ao, ag, .. ,aé) are
known for successive times ty = 0, ti, ..., t7, then we compute N1 and aé“ at time tp41 >ty

by the following formulas

1 Nt
NN 4 exp(—208) QN (P(N) + 5 PYON))

toa1 —te 2 ) 2|wl
1. QNG
o = Ly [QUNTT)
2 |w|(NF)
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Fig. 5. Evolution in time of a quasi-contour in the source-case.

To avoid fast movement of the boundary, we chose to fix the quantity max;—1 . ]N/H - Ni£|

to be a constant C. The value t,4; — ty is therefore equals to C/ max;=1, . m |N,/Jrl — Nie|. The
variation of the area (and time) is then a consequence of this previous choice

Q| qC

Q e2%|w| max;—1,. .m N;

The expression for aé‘“ in (4.9) is explicitly found using the formulas in Theorem 4.2.
The main difficulty of this scheme is that, for some ¢, det (Q(Ne)) can be close to 0.
In this case, an iterative method is used in order to avoid the calculation of Q1.
Before giving numerical results, we define the critical subset of codimension 1 which corresponds

to a discrete version of (3.13). Of course, it depends on parameter ¢ via the matrix Q(N) (see the
beginning of Subsection 4.1).

Definition 4.2. For given m € N* and fixed parameters o, the critical subset is
M, ={N e,/ det(Q(N)) =0}.
This discrete model set 9, is an analog of the set 9t given by (3.13)

5. NUMERICAL EXPERIMENTS

In our program implemented in C++, we chose the same initial conditions for all examples. We
fixed || = 100, ¢ = £1 and C' = 2. In all cases, we looked at the evolution of det(Q(N)) and
visually compared the numerical results with exact solutions.

Initial conditions for N are a discretization of the graphical representation of an analytic function
z = f(¢) with |(| = 1. The sequence o is found using a software specialized in finite element
calculation (FreeFem++).

5.1. Source-Case
Our aim is to verify that, in the source-case, quasi-contours usually tend to regular centered
ones for initial contours near to a regular polygon.

Here the initial contour is the 20 edge discretization of the curve z = ¢ — 0.2¢? 4 0.2¢3 with
|| = 1. In order to understand how the quasi-contour evolves, we define:

~ max{Opx/0 <k <m}
~ min{Op;/0 <k <m}’

In Fig. 5, we present the evolution in time of the initial configuration with nine other shapes, the
last one been the 38th iteration. The source-point, represented by the cross, with power (¢ = 1),
guaranteed that time and area evolve at the same speed.
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9.006-32 1.9
8.00E-32

7.006-32

6.006-32 15
5.006-32
4.006-32
3.006-32

2.006-32 1

Fig. 6. Evolution in time of the determinant of the matrix @ as a function of time (left) and
of p as a function of log(|Q|) (right).

Fig. 7. Evolution in time in the sink-case of a quasi-contour leading to a cardioid.

The determinant of the matrix @ (left side) and the value of p (right side) are given on next
Fig. 6; they are functions of time and log(|€2|), respectively.

We observed that the chosen quasi-contour tends to a regular one, which belongs to the critical
subset My5. The attractivity is very slow when time increases. This confirms that the circular
contour (for initial contour ‘near’ to a regular polygon) is the limit of contour when ¢t — 400,
in the source-case. We have proceeded to many other numerical experiments (different geometrical
cases and higher values of m) and obtained similar behaviors which confirm the theoretical results
given in Section 3. 5.9, Sink-Case

To underline the efficiency of our method, we chose to numerically reproduce the evolution of
well-known exact solutions.

Classical Galin—Kochina example : cardioid case. Fig. 7 represents the evolution in time
of a quasi-contour (left side), whose initial shape is the 20 edge discretization of the graphical
representation z = ¢ — 0.05¢?,|¢| = 1 . We observed that the obtained quasi-contour came closer
to a cardioid (the exact solution) when det(Q(IN)) approached zero. For comparison, we gave the
exact solution (right side).

We notice that the calculation can go further until the domain remains connected. As observed
in Fig. 8, the determinant moves away from zero after the occurrence of a cusp. This also gives us a
way to understand numerically when the quasi-contour is the best discretization of the final exact
solution (contour with a cusp).

Higher symmetry case. We also give examples of more complicated behavior which corre-
spond to a higher symmetry configuration. The discretization is that of a corner domain, i.e., an
infinite angle a@ < 7. The numerical scheme remains explicit with small modifications in formulas.
Explanations can be found in [13].

We consider three initial 10-edge quasi-contours, whose edges are deduced from following graph-
ical representations : z = ¢ — 0.02¢3,|¢| =1 (a) ; z = ¢ — 0.02¢*,[¢| = 1 (b) and; z = ¢ — 0.01(7,
<=1 (c).

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 23 No. 1 2016



STOKES-LEIBENSON PROBLEM FOR HELE-SHAW FLOW 53

5.80E-30

4.80E-30

3.80E-30

2.80E-30

1.80E-30

0.80E-30

Fig. 9. Evolution in time of quasi-contours in the sink-case, and exact solutions for (a) (left
side up), (b) (left side bottom) and (c) (right side).

azoe1

450611

430611 -

40611

ss0ea1 |

s70e11 |

350611

3.30E-11

Fig. 10. Evolution in time of det(Q(N)) for the quasi-contour (a).

We present results in Fig. 9, giving for each time evolution the exact solution.

Again, we conclude that the moment when cusps occur corresponds to a minimum of function
det(Q(N)). For example, in Fig. 10 we represent the time evolution of det (Q(N)) for the quasi-
contour (a).
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2.00E-27
1.90E-27
1.80E-27
1.708-27
1.60E-27
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1.40€-27

1.30€-27

Fig. 11. Evolution in time of quasi-contour (left side) and his determinant det(Q(IN)) (right
side).

We have tried to reproduce the evolution of a more complicated solution. In [20], we consider an
initial contour leading, when first cusp occurs, to the superposition of two identical circles, whose
sink-point is located at the unique intersection.

In Fig. 11, we represented the time evolution of the 20-edge initial quasi-contour until the cusp
occurs (left side) and the function det(Q(N)) depending on time (right side).

The conclusion concerning the determinant remains the same, however, the final quasi-contour
does not draw two circles. The loss in accuracy certainly comes to the low number of edges chosen
for the discretization. Another explanation could be the choice of the parameter C, whose value
should be smaller to improve results.

We managed to construct a scheme that demonstrates a high accuracy in numerical results.
Further work on the convergence of the numerical scheme must be done, since a Cauchy problem
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